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The Coprocessor Model

Two operations

e Unitary operations inside the coprocessor.
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e Available data inside coprocessor : ®" qubit.
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Qubits and Quantum Operations

Classical Quantum
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Qubits and Quantum Operations

e Unitary Operations: can be reversed.

e CNOT:
Classical Quantum (0O 0@ %
0 ;Oizgé; _@__{ D)= )®[-x)
! V=1 e Hadamard:
0.1 e radamard oy 2210
_12(1—]1)_{ 0721
alo) + 811 = (5) 1 B

e Non-Cloning Principle. [x) =heQ&1x)

Kostia Chardonnet |3)¢32]



From Classical to Quantum Control Flow

Classical Control Flow
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From Classical to Quantum Control Flow

Classical Control Flow

Circuit . N,

D Circuit ). Result) D

< e

Circuit

Quantum Control Flow

VU(y) ifx=10)

QSwitch(x, y, U, V) = {uvm if x = [1)

(@]0) + B[1D)®y) = a0y @ (UV|y)) + B|1)® (VU]y)).
Physically implementation but not in co-processor.
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Objectives

Classical QRAM
e Bit=11. ¢ Qubit is opaque.
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Objectives

Classical QRAM
e Bit=11. e Qubit is opaque.
e Rich type system. e Only tensors.
e Classical control flow. e No quantum control flow.

Develop a new model of quantum computation featuring
e A richer type system (inductive);

e with quantum control flow.
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Objectives

Classical QRAM
e Bit=11. e Qubit is opaque.
e Rich type system. e Only tensors.
e Classical control flow. e No quantum control flow.

This thesis

Develop a new model of quantum computation featuring

e A richer type system (inductive);

e with quantum control flow.

Approach : Curry-Howard Correspondence.
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The Curry-Howard Correspondence

Types

e Type = Description of a data.
product, choice, fonctions, ...

e Invariant on the structure of
computation.

e Ensure safety properties.
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The Curry-Howard Correspondence

Types Logic
e Type = Description of a data. e Formulas = Mathematical statements
product, choice, fonctions, ... AND, OR, IMP, ...
e Invariant on the structure of o Study of mathematical reasoning.
computation. e Focus on propositions and their
e Ensure safety properties. proofs.
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The Curry-Howard Correspondence
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e Type = Description of a data. e Formulas = Mathematical statements
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e Invariant on the structure of o Study of mathematical reasoning.
computation. e Focus on propositions and their
e Ensure safety properties. proofs.

Curry-Howard
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Types

e Type = Description of a data.
product, choice, fonctions, ...

e Invariant on the structure of
computation.

e Ensure safety properties.

The Curry-Howard Correspondence

Logic
e Formulas = Mathematical statements
AND, OR, IMP, ...
e Study of mathematical reasoning.

e Focus on propositions and their
proofs.

Curry-Howard

Types
Terms

< Propositions
< Proofs

Evaluation <« Cut-Elimination

fiA>B x:A
f(x):B
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Types

e Type = Description of a data.
product, choice, fonctions, ...

e Invariant on the structure of
computation.

e Ensure safety properties.

The Curry-Howard Correspondence

Logic
e Formulas = Mathematical statements
AND, OR, IMP, ...
e Study of mathematical reasoning.

e Focus on propositions and their
proofs.

Curry-Howard

Types
Terms
Evaluation

fiA>B x:A
f(x):B

< Propositions
<~ Proofs
<> Cut-Elimination

A— B A

Modus Ponens
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Multiplicative Additive Linear Logic

Formulas

AB:i=al|a" |AQB|AXB|1
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Multiplicative Additive Linear Logic

Formulas

A A x AFA AR A
AB:i=a|la" |AQB|ATB|1 (AX.X) y o AL A AF AA®AL
AFA

cut
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Multiplicative Additive Linear Logic

Formulas

AFA x AFA AFA
AB:i=a|la" |AQB|ATB|1 (Ax.x) y ~o Al R A AbE A AR AL
AEFA

cut

No duplication or erasure.
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Formulas

Multiplicative Additive Linear Logic

AB:i=al|a" |AQB|AXB|1

No duplication or erasure.

Proof Nets

A A 3 AFA ARA
(Ax.x) y o - AL A A AA® A
AFA

cut

ax
ax

0% — —
@ T cut cut
A—oA ARAL

cut
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Multiplicative Additive Linear Logic

Formulas
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cut
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Multiplicative Additive Linear Logic
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Multiplicative Additive Linear Logic
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Multiplicative Additive Linear Logic
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Multiplicative Additive Linear Logic

Formulas

AFA x AFA AFA
AB:i=a|la" |AQB|ATB|1 (Ax.x) y ~o Al R A AbE A AR AL

cut
A A
No duplication or erasure.
Proof Nets
ax
ax ax
I COF AT oW,
@ ® - - @) ®
N cut cut N
o 1
A—0A ot ARA ALZRA ot ARA
Additives
AB:=---|A®B @ represent the action of a choice.

Bool =1 @ 1.
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Towards Quantum Types.

Two routes for quantum types.

Classical Control Quantum Control
e bit=1d1 e qubit=11
e Allow duplication in a controlled way. o Inductive types
e Quantum A-calculus [Selinger, Valiron04]. list(A) = uX.1® (AR X).
e Classical control. e Quantum Switch.

Our proposal: logic tMALL, MALL + least and greatest fixed-point.

Kostia Chardonnet
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Towards a Curry-Howard Correspondence for Quantum Computation

|.f.p operator Pairing
(Ch. 4,CSL’23)  (Ch. 5, MFCS’21)

N \
Al = uX 1@ (A® X)

Quantum Control
(Ch. 6, Draft)
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Towards a Curry-Howard Correspondence for Quantum Computation

|.f.p operator Pairing
(Ch. 4, CSL’23) (Ch. 5, MFCS’21)

N \
Al = uX 1@ (A% X)

Quantum Control
(Ch. 6, Draft)
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Token Machines for Quantum Computation
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Token Machines for Quantum Computation
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Token Machines for Quantum Computation

MELL + Circuits [Dal Lago. et al’16].
Require synchronisation.
No superposition of position.

Classical Control.
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Token Machines for Quantum Computation

P .

\12 —

-+ [HI-&
MELL + Circuits [Dal Lago. et al'16]. e Consider Token Machine.
Require synchronisation. e Asynchronicity.
No superposition of position. e Quantum Control.

Classical Control.
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ZX-Calculus in Short

Generators
R
SIS RV T
(Empty) (1d) (Swap) (Cap) (Cup) (GreerTNode) (Hadamard)
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ZX-Calculus in Short

Generators
R
SISV
(Empty) (1d) (Swap) (Cap) (Cup) (GreerTNode) (Hadamard)
Compositions
(D)ol 5] - [00] (5]
cee cee | cee | | ees | | ees | | es |
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ZX-Calculus in Short

Generators
R
SIS RV T
(Empty) (1d) (Swap) (Cap) (Cup) (GreerTNode) (Hadamard)

Compositions

(D)ol 5] - [00] (5]
“ee “ee I “ee I I wee I I e I I wee I
Standard Interpretation
10 0 0
1 0 1 0 0
Linear Maps : ZX — M(C) =500 01
00 10
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Token & Token State

Token

e cis an edge of the ZX-Diagram D.
e dis a direction.

e b is the state of the token.

Token State

A token state is a sum of products of tokens with complex coefficients.

1 0l

1 ift="¢ a + 8
tle) = {o ift £ ¢ o1 ot H

Kostia Chardonnet

3-tuple (e, d, b) € E(D) x {1, ]} x {0, 1} where:
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The Token Machine

° Collisions::*i ~ ‘
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The Token Machine

oColIisions:i*iw ‘ :*ix ~ 0
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The Token Machine

oColIisions:i*iw ‘ :*ixwo

X»L cee XT .o TX
e Diffusions : o~ gixa a
x| ®.8]x
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oColIisions:i*iw ‘ :lx ~ 0

X»L cee XT .o TX
e Diffusions : %a ~ giXor a
x| ®.8]x
Ix o i( +(_1)x
2 Lo 11
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The Token Machine

oColIisions:i*iw ‘ :lx ~ 0

X»L cen XT CERY TX
e Diffusions : @~ gixa a x| >< WX I x

x| ®.8]x

B H(Rare0gn) e = e
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Example
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Example

CNOT =

S
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© = o o

) = [10) — 5 [11)

11 Lo
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1 0 0 O
01 0 0

1 — - a
00 10

Y Ho 1 1

111
W*E ! i #(1) . *1

Ho i1 i1

Kostia Chardonnet [14)¢32]



Example

10 0 O
01 0 0

1 _ _ 1 1

=5 CNOT = =Zlo o o0 1| = 0= 51D
00 1 0

1] 0 -

NN L _ 2
2 Lo

Kostia Chardonnet [14)¢32]



S

1

CNOT =

S

—_ _

S O O =

S O = O

- O O O

S = O O

— 10y |1

Kostia Chardonnet

Example

[14)¢32]



S

1

CNOT =

S
©c oo -

S O = O

- O O O

S = O O

1l

— 10y |1

- +
W1 1 1o 1

Kostia Chardonnet

Example

[14)¢32]



10
0 1
A - -
ﬁCNOT_ V210 0
0 0
1] 1o
'V\->* 1
22
11 lO

- O O O

Example

0
0 10 !
| = -
0
- +
1 W1 1 1o 1 L1

Kostia Chardonnet

[14)¢32]



Example
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Avoiding Errors

Rewriting System
We define ~ as exactly one diffusion rule followed by all possible collision rules until

none applies.

Want to avoid:
e Having multiple tokens on the same edge that don’t collide: Il;

e Non-termination.
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Avoiding Errors

Rewriting System
We define ~ as exactly one diffusion rule followed by all possible collision rules until

none applies.

Want to avoid:
e Having multiple tokens on the same edge that don’t collide: Il;

e Non-termination.

Two invariants:
e Well-Formedness: Avoid two tokens going in the same direction on a path.

e Cycle-Balancedness: Avoid tokens alone in cycles.

Kostia Chardonnet [15)¢32]



Polarity

Polarity in a Path

p = (eo, €1, €2, €3, €4) is an oriented path.

e If a token follows the path +1
e If it goes against it —1
e If it is not on the path 0

Example:

e Here, polarity
P(p, (€0 | x)(es 1 y)) = P(p; (e | x))+P(p;(e3 T y)) = 0
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Well-Formedness & Cycle-Balancedness

Well-Formed Token State

Given a ZX-Diagram and a Token State, it
is Well-Formed if for every path p its
Polarity € {—1,0, 1}.
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Well-Formedness & Cycle-Balancedness

Well-Formed Token State

Given a ZX-Diagram and a Token State, it
is Well-Formed if for every path p its
Polarity € {—1,0, 1}.

e Thm 5.3.11: Well-Formedness
preserved under ~-.

e Thm 5.3.12: Well-formed states
cannot reach “bad configurations”.
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Well-Formedness & Cycle-Balancedness

Well-Formed Token State Cycle-Balanced Token State

Given a ZX-Diagram and a Token State, it
is Well-Formed if for every path p its
Polarity € {—1,0, 1}.

Given a ZX-Diagram and a Token State, it
is Cycle-Balanced if for every cycle c its
Polarity = 0.

e Thm 5.3.11: Well-Formedness
preserved under ~-.

e Thm 5.3.12: Well-formed states
cannot reach “bad configurations”.
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Well-Formedness & Cycle-Balancedness

Well-Formed Token State Cycle-Balanced Token State

Given a ZX-Diagram and a Token State, it
is Well-Formed if for every path p its
Polarity € {—1,0, 1}.

Given a ZX-Diagram and a Token State, it
is Cycle-Balanced if for every cycle c its
Polarity = 0.

e Thm 5.3.11: Well-Formedness e Thm 5.3.16: Termination of

preserved under ~. well-formed, cycle-balanced token

e Thm 5.3.12: Well-formed states state.

cannot reach “bad configurations”. e Prop 5.3.18: Local confluence of

well-formed, cycle-balanced token
state.

Kostia Chardonnet [17)<32]



Simulation

Thm 5.3.25 (Simulation of Standard Interpretation)

a an ai  an
' i
Let IjE:] a ZX-Diagram such that E‘E:] = Zq:] Ag }qu e ym7q> <x17q. . .xn,q’

b1 bm b1 bm

|
, consider t = D'Dig D'Di}
+

Let D =
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Simulation

Thm 5.3.25 (Simulation of Standard Interpretation)

ay dan a an
Let IjE:] a ZX-Diagram such that E‘E:] = 2(27,:" Ag }qu e ym7q> <x17q. . .xn7q’
T =T
. oo L oo
Let D = , consider t = D'Dig N D'Di}
T T
Then
R
I
q=1
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Simulation

Thm 5.3.25 (Simulation of Standard Interpretation)

a ap a an
‘ i
Let IjE:] a ZX-Diagram such that E‘E:] = Zq:] Ag }qu e ym7q> <x17q. . .xn7q’
b1 bm b1 bm
. L20 | Lo |
Let D = , consider t = D'Dig D'Di}
+
T T
Then
Xiq1@ "~ )
2m+n
I
q=1 Yiql
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Simulation

Thm 5.3.25 (Simulation of Standard Interpretation)

a ap a an
e
Let IjE:] a ZX-Diagram such that E‘E:] = Zz A }y1 Y ><x1 ce X ’
q:1 q ,q m,q ,q n,q
b1 bm b1 bm
. L20 | Lo |
Let D = , consider t = D'Dig D'Di}
+
T T
Then
X1,qT Xn,q
2m+n
*
I
q=1 y1,ql C Ym,q
~—
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Towards a Curry-Howard Correspondence for Quantum Computation

|.f.p operator Pairing
(Ch. 4, CSL’23) (Ch. 5, MFCS’21)

\
[A] = uX 1@ (A% X)

Quantum Control
(Ch. 6, Draft)
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Towards a Curry-Howard Correspondence for Quantum Computation

|.f.p operator Pairing
(Ch. 4,CSL’23)  (Ch. 5, MFCS’21)

N \
Al = uX 1 (A® X)

Quantum Control
(Ch. 6, Draft)
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The Many-Worlds Calculus : When ® meets @

®-based languages @-based languages

Iy
e e

Quantum Circuits ~ ZX-Calculus PBS-Calculus LOv-Calculus
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The Many-Worlds Calculus : When ® meets @

®-based languages @-based languages
I
— A A X A
@ Ul: XD.Z vv‘ vv
Quantum Circuits ~ ZX-Calculus PBS-Calculus LOv-Calculus

The Many-Worlds Calculus
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The Many-Worlds Calculus : When ® meets @

®-based languages @-based languages
I
— A A X A
@ Ul: XD.Z vv‘ vv
Quantum Circuits ~ ZX-Calculus PBS-Calculus LOv-Calculus

The Many-Worlds Calculus
(ARB)DC

| wu v

e Label wires with
worlds.

e Worlds for naming
slices.

|w v
(A'@B/)@C,
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Many-Worlds, in Short

Generators

A B A A A

A B
R U Y Y e W
ADB AQB 1 A A
(Empty) (1d) (Swap) (Cap) (Cup) (Plus) (Tensor) (Unit) (Contraction) (Scalar)
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Many-Worlds, in Short

Generators
A B A B A A A
R U Y Y e W
ADB ARB 1 A A
(Empty) (1d) (Swap) (Cap) (Cup) (Plus) (Tensor) (Unit) (Contraction) (Scalar)
Compositions

[ [ Lo | e ]
[ O I 22 ] = [ D ][ D2 ]
|...| |...| |...| |...|
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Many-Worlds, in Short

Generators
A B A B A A A
R U Y Y e W
ADB ARB 1 A A
(Empty) (1d) (Swap) (Cap) (Cup) (Plus) (Tensor) (Unit) (Contraction) (Scalar)
Compositions

[ [ Lo | e ]
[ O I 22 ] = [ D ][ D2 ]
|...| |...| |...| |...|

Derived Constructors & Tokens

ADB

ADB
b, =

Kostia Chardonnet
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Many-Worlds, in Short

Generators

A B A A A

A B
R U Y Y e W
ADB AQB 1 A A
(Empty) (1d) (Swap) (Cap) (Cup) (Plus) (Tensor) (Unit) (Contraction) (Scalar)

Compositions

Derived Constructors & Tokens

[ [ Lo | e ]
[ O I 22 ] = [ D ][ D2 ]
|...| |...| |...| |...|

ADB ADB vi=()]|{s1i,s) | inj,s| inj, s
A = su=v| 8,
A g A B
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Many-Worlds, in Short

Generators

A B A A A

A B
R U Y Y e W
ADB AQB 1 A A
(Empty) (1d) (Swap) (Cap) (Cup) (Plus) (Tensor) (Unit) (Contraction) (Scalar)

Compositions

Derived Constructors & Tokens

[ [ Lo | e ]
[ O I 22 ] = [ D ][ D2 ]
|...| |...| |...| |...|

ADB ADB vi=()]|{s1i,s) | inj,s| inj, s
4, - Y
A B AB Token = (e,d,b) € E(D) x {1,]} x s

Kostia Chardonnet
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Assume s4, sg values of types A and B, then:
(ARB)®C
inj (sa, 56) 1@

(A/@Bl)eacl

Kostia Chardonnet
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(ARB)®C (ARB)®C
inj (sa, 56) 1@

(A/®B/)(-DC/ (A/®B/)(-DC/
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Assume s4, sg values of types A and B, then:
(ARB)®C (ARB)®C
inj (sa, 56) 1@

(A/®B/)(-DC/ (A’@B’)(—DC’
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Assume s4, sg values of types A and B, then:
(ARB)®C (ARB)®C
inj, {sa, s8) i |

injg {f(sa),&(s8))
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Many-Worlds : Results & Properties

Results
101 11
Well-Formedness, Cycle-Balancedness still holds. v
= Confluence, Termination, Avoid bad configurations. i =
1@1
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Many-Worlds : Results & Properties

Results
101 11
Well-Formedness, Cycle-Balancedness still holds.
= Confluence, Termination, Avoid bad configurations. Y =
1@1

Quantum Control

inj, ({(sa,ss))

(f(sa),&(s8))
|inje (<f(5A)7g(53)>)|
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Many-Worlds : Results & Properties

Results
101 11
Well-Formedness, Cycle-Balancedness still holds.
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Quantum Control

linjs ((sa,58))| [inj, (so)]
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Many-Worlds : Results & Properties

Results
101 11
Well-Formedness, Cycle-Balancedness still holds. v
= Confluence, Termination, Avoid bad configurations. i =
1@1

Quantum Control

| |
linjs ((sa,58))| [inj, (so)]

Missing: Inductive types.

(A ®B)@C’ '
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Towards a Curry-Howard Correspondence for Quantum Computation

|.f.p operator Pairing
(Ch. 4, CSL’23) (Ch. 5, MFCS’21)

\
[A] = pX1 S (A% X)

Quantum Control
(Ch. 6, Draft)
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Towards a Curry-Howard Correspondence for Quantum Computation

l.f.p operator Pairing
(Ch. 4,CSL’23)  (Ch. 5, MFCS’21)

N \
Al = 1X 1@ (A® X)

Quantum Control
(Ch. 6, Draft)

Kostia Chardonnet [24)¢32|



A Syntax Term Language for the Many-Worlds Calculus

|
[inj, (¢sa,58))] linj, (s)]

o Csas sy +
{f(sa),8(s8))

[inj, (f(sa),8(ss))]
(H@B)OC |

inr(h(sc))

inj, ((xy)) < inj, ((fx.8y)) , o RN s !
{ injf ) - injf (h2) } Function from (AQB)®C « (ARB)®C
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Syntax

(Base types) A,B:i= 1|A®B|A®B

(Isos, first-order) T := A< B

(Values) vi= x| () |{vi,v)|inj,v]|inj, v
(Expressions) ex= v|letx=wyine

(Isos) wi= {vioe | | vy e
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Syntax

(Base types) A,Bi= 1|A®B|A®B |puX.A|X

(Isos, first-order) T := A< B

(Values) vi= x| () |{vi,vy|inj,v|inj, v | folde
(Expressions) ex= v|letx=wyine

(Isos) wi={nneoe| |vmeoet |fixfw]|f

map(w) = fix f. { L]__ <L VD }:[A]H[B]

..t<—>(wh

[1=fold (inj, ()  h:t=fold (inj, (¢h 1))
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(UMALL™ : An Introduction

UMALL® = MALL +p.

AAX < pX Al B A AX < XAl
A XA B ’ AF uX.A

MR
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(UMALL™ : An Introduction

UMALL® = MALL +p.

A AIX < uX.Al - B A - AIX — uX.Al
AXALB M AL XA

MR

Non-wellfounded proofs:

7

uX X = F a = pX.X
cut

- F

There is a need for a validity criterion on derivations.
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Validity Condition

Validity Condition

For every infinite branch, there is a thread
whose smallest formula that occurs infinitly
often is a p formula on the left.

[Baelde et al., 2016, 2022]

- T
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From Derivations To Proofs - Example

Let us take the map(w) functions on lists.

, [1 <] .
ﬁxf’{h::te(wh)::(ft) }[A]‘_’[B]

Send it to a derivation proof(map(w)) : [A] + [B].

Kostia Chardonnet
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From Derivations To Proofs - Example
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From Derivations To Proofs - Example

A+ B
o1 IR o AAIEBO[E @
- 1@ (B® [A]) MR AAl - 1@ (B®[B]) MR
R R
-8, AL
1+ [B] AR [A] - [B] o
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From Derivations To Proofs - Example
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From Derivations To Proofs - Example
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Properties

Language
Iso have an well-typed inverse. Lemma 4.2.11: w : A <> Bthenw™': B« A
Iso are isomorphisms. Thm 4.2.13: wow™ ! = Id.

Subject Reduction & Progress. Lemma 4.2.18 & 4.2.19.

Curry-Howard

Proof Validity. Thm 4.4.20: If w : A < Bthen proof(w) : A - Bis a proof.
Cut-Elimination Simulation. Thm 4.4.29: If t — ¢’ then proof(t) — proof ().

Kostia Chardonnet 130>(32|



Conclusion

ZX Token Machine: MFCS’21

e With: Benoit Valiron, Renaud Vilmart.
e What: Study of Token-Based semantics for the ZX-Calculus.
e Why: First approach for control quantum, led to the Many-Worlds Calculus.
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Conclusion

ZX Token Machine: MFCS’21

With: Benoit Valiron, Renaud Vilmart.
What: Study of Token-Based semantics for the ZX-Calculus.

Why: First approach for control quantum, led to the Many-Worlds Calculus.
Many-Worlds Calculus: Draft

With: Marc de Visme, Benoit Valiron, Renaud Vilmart.
What: Graphical language with ® and &®.
Why: Explicit quantum control, quantum types.

I[somorphisms & pMALL: CSL’23

With: Alexis Saurin, Benoit Valiron.
What: Linear, reversible programming language with inductive types.
Why: First step towards quantum inductive types.
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Conclusion

Future Work:
e Quantum Programming Language with Inductive Types.
e Many-Worlds with Inductive Types.

e Relation between the two ?
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Conclusion

Future Work:
e Quantum Programming Language with Inductive Types.
e Many-Worlds with Inductive Types.
e Relation between the two ?

First step:

e Remove inductive types.

Add superposition of expressions.

Translate iso as Many-Worlds diagrams.

Thm 6.9.14 : Soudness.
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