2607.20170v1 [cs.LO] 22 Jul 2026

arXiv

Quantum Term Rewrite Systems: Applications to
Complexity Analysis

Kostia Chardonnet & ®

Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy, France

Emmanuel Hainry 26
Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy, France

Romain Péchoux &2@®
Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy, France

Thomas Vinet & ®
Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy, France

—— Abstract

Term Rewrite Systems (TRS) is a computational model offering a level of abstraction well-suited
towards static analysis, e.g., termination or complexity analyses. In this paper, we introduce
Quantum Term Rewrite Systems (QTRS), an extension of TRS to quantum computing, thus
allowing to benefit from quantum advantage while being able to certify the complexity. We ensure
that QTRS correspond to physically realizable processes and adapt techniques to obtain termination
certificates or generic bounds on the reduction length. We delineate a class of terminating QTRS
that can be compiled to uniform families of quantum circuits of size bounded by the reduction length.
Conversely, this class is universal for quantum circuits. In particular, we show a characterization of
the class of functions computable in quantum polynomial time, known as FBQP.
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1 Introduction

Motivations. The past few decades saw the emergence of quantum computation, a paradigm
in which problems can be solved more efficiently compared to their classical counterparts [57].
This paradigm has been studied through multiple computational models, e.g., quantum
circuits [64, 53], linear optics [43], and ZX-calculus [19]. Recently, a particular attention
has been paid to the development of higher-level models, namely quantum programming
languages. Quantum programs can be classified in two categories, depending on their control
flow. A first approach, known as classical control, considered that only classical data, e.g.,
the outcome of a measurement, could influence the control flow [56, 33, 22, 29]. On the
other hand, quantum control allows applying controlled operations depending on quantum
data, yielding superpositions of programs. Quantum control gained interest as it provides a
computational advantage over classical control [1, 59, 46], and has been approached through
various languages [55, 27, 66, 9]. Thus, a natural issue is to develop and study hybrid languages,
i.e., languages that feature both classical and quantum control flow/data [61, 65, 24, 18, 17].

The clear theoretical advantage of quantum computation is however mitigated by the
hardness of hardware implementation. In particular, each type of hardware has its own
set of constraints, and quantum gates may be more or less costly to implement depending
on the hardware. Thus, providing a static analysis of the (low-level) resources used by a
program (e.g., the size, depth, or gate count of its corresponding quantum circuit) is a
relevant issue, and has been studied in [23, 6, 35, 20, 30]. These works fall within the field of
Implicit Computational Complexity (ICC), by providing a language that characterizes exactly
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a well-known complexity class. However, these languages are targeted towards a specific
complexity class through typing or syntactic restrictions, and are thus not a good match for
a generic complexity analysis.

With regard to classical programs, Term Rewriting Systems (TRS) [7] are a computational
model that is sufficiently abstract and simple to allow for automatic and semi-automatic
formal analyses of programs. In particular, numerous generic techniques exist for analyzing
their termination (e.g., [2, 3]) as well as their runtime and complexity, (e.g., [13, 5]), making
them well-suited for studying ICC-related properties. TRS have also proven to be a robust
computational model that allows for simple and natural extensions to other paradigms, such
as probabilistic rewriting [16, 3] or higher-order rewriting [50, 62].

The development of an extension to the quantum setting is still missing, which would
allow to reuse existing techniques, to certify properties on the quantum resources.

Contributions. This paper fills the gap by introducing the notion of quantum term rewrite
systems (QTRS). One advantage of QTRS, in contrast with aforementioned resource-aware
languages, is that QTRS feature quantum control, and have no fixed initial set of quantum
gates, making them prone to a general resource analysis. Furthermore, for an expressive
fragment, QTRS correspond to quantum circuits, and their size can be related with the
runtime-complexity of the QTRS. This paves the way for the reuse of any complexity
technique on standard TRS. Our work contains the following contributions:

We introduce QTRS as an extension of TRS, where the semantics achieves quantum
parallelism [53], and the type system ensures the physicality of the terms. Standard
properties are also proven, such as confluence (Lemma 10), subject reduction (Lemma 11),
and a characterization of the normal forms (Lemma 14).

We show that type inference is I13-hard, thus undecidable in the general case (Theorem 15).
However, decidability can be recovered for an expressive subset of terms, on which type
inference is decidable in polynomial time (Theorem 16).

We exhibit a fragment of terminating QTRS, which is universal for quantum circuits
(Theorem 21). In this fragment, QTRS can be compiled into uniform families of quantum
circuits (Theorem 22). Furthermore, for QTRS with a specific recursive structure, the
size of the circuit can be bounded by the runtime-complexity of the QTRS (Theorem 25).
In particular, compilable QTRS terminating in polynomial time characterize exactly the
class FBQP of functions computable in quantum polynomial time (Theorem 27).

We study how complexity and termination properties can be inferred on QTRS by
extending any ordering on standard TRS to the QTRS setting (Section 4.1). We show
that existing techniques — e.g., polynomial interpretations [47] (Theorem 32), and
dependency pairs [2] (Theorem 37) — can be adapted and reused on QTRS to guarantee
termination and complexity properties of a QTRS.

Related work. Quantum complexity properties have already been studied for various
languages with classical control: [23] characterizes (polynomial time) complexity classes on
a variant of quantum lambda calculus; [6] adapts expectation transformers to a quantum
imperative language to infer expected costs and values and has been implemented in [51];
[20] develops a dependent type system on a variant of the Quipper circuit description
language [33].

With regard to quantum control, FOQ [35] is a hybrid imperative language characterizing
functions terminating in quantum polynomial time, and has been refined in [30] to obtain a
characterization of quantum polylogarithmic time. However, only qubit lists are featured,
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while QTRS can express all standard inductive datatypes. Furthermore, FOQ does not feature
general recursion, which is necessary to achieve a fully generic resource analysis.

TRS have been widely studied in order to guarantee ICC-related properties. Here we
provide a non-exhaustive overview. One panel of studies is obtained through interpretations,
yielding characterization of polynomial complexity [12]. Quasi-interpretations relax strict
monotonicity conditions by incorporating path orderings [25], yielding polynomial time
and space characterization [13]. Another set of techniques reside in orderings, which yield
polynomial termination via light multiset path order [49] or polynomial path orders [5],
while polynomial space can be obtained via Knuth-Bendix orders [14]. Dependency pairs [2],
originally a tool for studying termination, have also been refined to analyze the runtime
complexity of the TRS [39, 4, 54].

All the aforementioned techniques have also been extended to other paradigms. For
example, termination has been studied for probabilistic TRS [15, 41], conditional TRS [48],
and higher-order TRS [52]. Similarly, runtime complexity analysis has been performed on
conditional [44] and higher-order TRS [45], and for TRS with a parallel reduction strategy [10].
In particular, characterizations of basic feasible functions [21] have been obtained for higher-
order TRS [37, 8]. While these complexity results are often aimed at achieving upper bounds,
some work has also been carried to obtain lower bounds [32] or to ensure constant runtime [31].
We believe that the very general concept of a quantum TRS presented in this paper can be
adapted to these various paradigms.

2  Quantum Term Rewrite Systems

This section introduces Superposed TRS (STRS) as an extension of standard TRS [7] that
features superpositions. The semantics of STRS is defined in term of a call-by-basis reduction
strategy [26] mimicking quantum parallelism [53]. Quantum TRS are then introduced as a
typed restriction ensuring physicality.

2.1 Syntax

Let X be a countable set of variables x,y, ..., and let A, C, F be three signatures containing
amplitude symbols a, constructor symbols c, and function symbols £, respectively. Recall that
a signature is a set of symbols b, together with a fixed arity ar(b) € N. The four sets are
assumed to be disjoint.

First-order TRS are extended by allowing term superposition, that is, having a binary
sum for superpositions (+) and multiplication by an amplitude («-). This is formalized by
the following grammar.

(Natural numbers) v = x| 0]8()
(Amplitudes) a = a(l...,1) |a-a]at+a
(Terms) T3t == x| c(t,....t) | £(t,...,8) | a-t | t+t
(Values) Vov == c(v,...,v) |a-v]|v+w

The distinction between constructor and function symbols is akin to constructor TRS,
i.e., function symbols in F will be evaluated through rewrite rules, while constructor symbols
in C are constants. In the following, we consider that C contains a unit constructor (); qubit
constructor symbols |0) , |1}; constructors for natural numbers 0 and S; a pair constructor
pr of arity 2, written (a,b) = pr(a,b); as well as list constructors, [ ] of arity 0, and cons of
arity 2, written h :: t £ cons(h,t).
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Amplitude symbols of arity 0 correspond to fixed scalars. In what follows, a) will be the
arity-0 amplitude symbol encoding the scalar A € C. Amplitude symbols of greater arity will
be used to express complex programs (see Example 3), where the amplitudes may vary.

Let Var(r) be the set of variables occurring in any term or amplitude r. If Var(r) =0, r
is said to be ground, and written r. Let Ty denote the set of ground terms. A term is called
classical if it has neither superposition, nor amplitude; denote C as the set of classical terms.
Remark that a classical term can be viewed as a term of a standard TRS. The size of a term
t, denoted |t|, is the number of occurrences of variables and symbols inside ¢.

A f-rewrite rule, also called simply rewrite rule, is a pair [ — r, with [,r € T, such that
l=1(p1,...,pn), where p; is a classical term with no function symbol, called pattern, and
Var(l) 2 Var(r). A set of rewrite rules is said to be orthogonal, if the rewrite rules are
left-linear, i.e., each variable occurs at most once in the left-hand side of each rule, and
non-overlapping, i.e., no pair of left-hand side of rules can overlap.

» Definition 1. A Superposed Term Rewrite System (STRS) R is a tuple (A,C, F, X, R)s,
where R is a set of orthogonal rewrite rules | — r with I, € T, and £ € F is called the main
function symbol. The set of rules of R will be denoted by Rz = R.

» Example 2. Quantum gates can be written as a STRS, by defining one rule for each
action on a basis element. For example, define the STRS R containing the rewrite rules R
below. R expresses the Clifford + T set of gates, which is known to be universal [53], i.e.,
any quantum gate on n qubits can be approximated by a sequence of gates from this set.

X(0)) = [1) X(1) =10
o 7(0)) — |0) T([1) = agiess - 1)
- B(0) >a -0)+ag 1) H(L)—ay J0)+a a1
onoT([0) . q) — ([0) ,a) enoT(11).q) — (1) .X()

» Example 3. One can encode the Quantum Fourier Transform as a STRS with main
function symbol gft and the following set of rules, where a(n) corresponds to the scalar
e2i™/2" " and (t1,...,t,) corresponds to n — 1 pair constructors. The second argument of the
symbol rec allows to define the behavior of rec without an additional function symbol.

inv([ ],1) — inv(h : t,1) — inv(t, h 1)
phase(|0) ,n) — [0) phase(|1),n) — a(n) - [1)
ctrl((q,[0),t,1),n) — ((Ltv 0) 1) ctrl((q, |1> ,t,l), n) — (phase(q,n),t, |1) :: 1)
rot((g,[],1),n) = ¢ inv(l,[])  rot((q,h )7 n) — rot(ctrl((q,h,t,1),n),8(n))
rec([ ],b) — [ | rec( ,0) = rec(rot((Had(h),t, [ ]),S(S(0))), 8(0))
rec(h :: t,S(b)) — h :: rec(t,b) qft( ) — inv(rec(l,0),[])

2.2 Semantics

Before introducing the semantics of a STRS, several steps must be performed. First, the
Hilbert structure of quantum spaces requires us to consider terms modulo an equivalence
relation on the vector space generated by term superpositions. to ensure reductions only
consider meaningful terms. Third, a specific evaluation strategy will be fixed for classical
terms.

Vector space structure. Defining a vector space structure requires checking properties on
amplitudes, e.g., if an amplitude corresponds semantically to 0. To that end, each amplitude
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[a] =0 [a] =1
t1+ts =ty + 14 t1+<t2+t3)5(t1+t2)+t3 s+a-t=s a-t=t

a-(B-t)=(a-B)-t a-(ti+t)=a-t;+a-ts a-t+B-t=(a+p)-t

b(ooyat,.)=a-b(oity.)  blootitta,.)=b(otryen) +b(oen b, )

s=t

Cls] = C[t]
Figure 1 Equivalence relation =

symbol a € A comes with a total function [a] : N**(®) — C called interpretation. The
interpretation is then defined on ground amplitudes by canonical extension:

[o] <0 [s(w] =[] +1 la(u - )] = [2)([ea], - - - [ea])

[an + o] & [aa] + [e2]  [ay - ] £ [ou] x [az]

Recall that a substitution is a map o : X — V. Let ro be the application of the
substitution o to the term or amplitude r. The interpretation can be extended to arbitrary
amplitudes as follows: define [a] £ X if for any substitution o, if ac is a ground amplitude,
then [ac] = A. Two amplitudes «, 8 are equivalent if [a] = [S].

A (1-hole) context is a term C' containing exactly one occurrence of the special symbol ¢
and defined by the following grammar.

(Contexts) Cuo=0]cltry...,Coooiitn) | £(t1,...,Cooitn) | a-C | C+t

Let C[t] be the term obtained by substituting ¢ to ¢ in C'. This notion can be generalized
to n-hole contexts C[o1,...,0,], which are terms containing one occurrence of each symbol
1.5 0n. A classical context is a context with no amplitude («-), nor superposition (+).
Term equivalence = is defined as the smallest equivalence relation over 7 obtained from the
rules of Figure 1. The two first lines of Figure 1 express the rules of a vector space structure
and allow us to define unambiguously general summation as Z?Zl ity 2 arpti (- Aanty).
The remaining lines of Figure 1 highlight the linearity of quantum programs.
Canonical forms. Quantum parallelism will be defined using a restricted form of superposition
to avoid non-physical reductions, e.g., reducing a term of amplitude 0. This is formalized
below by the notion of canonical form.

» Definition 4. A canonical form of a term t is any term Z?:l «;-t; such thatt = Z?:l ;-t;,

where t; are pairwise distinct classical terms and [o;]] # 0. The set of canonical forms is
denoted by CAN.

Evaluation strategy. Finally, the reduction of classical terms will be defined by fixing a given
evaluation strategy. This is performed with the help of evaluation contexts.

(Eval. contexts) Eu=o | c(v1,...,0i—1, E tig1,... tn) | £(v1,..  vim1, Eytig, .o tn)

The semantics of a STRS R is then defined inductively in Figure 2 as the relation —x
on ground terms. In Rule (Q), —g; relies on the intermediate relation —>g%, defined by

5t <> (SENFRAt=5)Vs—nt
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s=s s ot t=t ®) St ai-s; ECAN Vi, s; =ty Fi, s et Q
s —nt Do G S = Y o b
l—-reRn E|lojeC

Ello] —»n E[ro]

Figure 2 Inference rules of the relation —x C To x To

where NFoy £ {s € Ty | At, s = t} is the set of normal forms.

We will now provide some insights into the rules of Figure 2. Rule (E) allows one to
perform reduction with respect to the equivalence relation on the vector space. Rule (Q)
reduces superpositions only if expressed as canonical forms, ensuring that only meaningful
reductions are fired. Furthermore, %?m implies that any term that is able to reduce will
reduce. Therefore, —x achieves quantum parallelism [53], similarly to [34]. An alternative
reduction strategy not implementing parallelism would correspond to classical simulation,
leading any program acting on n qubits to be evaluated in 2" reduction steps. Finally, Rule
(C) considers classical terms: variables are substituted by classical values, thus —x follows a
call-by-basis strategy [26]. The definition of evaluation contexts also imposes an evaluation
of terms from left to right. While such choice is arbitrary, having a fixed strategy is required
to obtain complexity results in Section 4.

Given a STRS R, define —3§; as the reflexive and transitive closure of —5. We say that
t terminates in at most k steps, and write ¢ —>§k s, if all chains of reduction starting from
t reach a normal form in at most k steps. A term terminates if it terminates in at most &
steps for some k € N. A STRS fR is said to be terminating, if any term ¢ € T terminates.

» Example 5. Define the unitary matrix @,,, representing a single qubit gate, for any n € N,
along the rewrite rules of its corresponding STRS:

L1 (1 e o [£0,10) = sga® - [0) +a" (n) - 1)
@ I (e ) R{f<n,|1>>ea-<n>-|o>+sgn--|1>}

where [sgn®] £ j:% and [a*](z) £ %ei”/w. One can verify that applying twice £(n, ) is
equivalent to the identity, e.g., if applied to |0), for any ground natural number ¢:

£(,£(2,]0))) =2 £(z, sgn™ - [0) +27 (1) - [1)) = sgn™ - £(1,]0)) + 2" (1) - £(z, 1))
—o (sgn® -sgnt +at (1) a7 (1) - |0) + (sgnt -2t (1) + 2" (1) -sgn) [1)
= |0)

The first and second reductions respectively used the rules (C) and (Q) from Figure 2. The
last equivalence can be obtained by seeing the reduced term as « - |0) + 3 - |1), and checking
that [a] = 1 and [B] =0, e.g., see below for [a] = 1:

[o] = [sgn™ -sgn™ +2a" (1) -a” ()] = [sgn"] x [sgn’] + [aT](x) x [a7](t) = 1

Therefore, using rule (E) from Figure 2, £(r, £(¢,|0))) rewrites in two steps to |0).

2.3 Type System for Physicality

STRS extend standard TRS by allowing any general term superposition. However, quantum
programs need to satisfy additional properties to be physically sound, e.g., linear use of data
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Vi, I'; @ oy 1; : nat aced al"(a) =n T'lkFg aq T'lFg s TlFot ag 'k as

[ lkoy a(ty, ... ytn) TlFgy a1 + ag I'lFoy a1 - an
reEX reEX AR s: T s=t  FV(t) CDom(TUA)
Iz:C;0bnx:C iz:QFxax:Q AFxt: T

type(b) =Ty X -+ x T, =T Vi, ;A b t;:T; beCHF
F;Ah...,An }_g)q b(tl,...,tn) :T

VZ', F;A Fog ti: Q Vi, TlFg oy Yo € Subo(F), ZZ’:I H[OéiO']HQ =1 Vi ;é gy ti Lo tj
F,Al‘m Z?:lai'tilQ

Figure 3 Typing rules of terms and amplitudes

or norm preservation. This is tackled by introducing a type system, both on terms and
amplitudes, allowing us to then define Quantum TRS (QTRS) as the STRS with a physical
reality.

Towards that end, a unique typed signature type(b) = T} x --- x T, ar(v) — I is assigned
to each symbol b € C|lY F, where T, T1,..., Ty are taken from a countable set of basic
types. The types 1 for unit, Qbit for qubits, or nat for natural numbers are examples of
basic types. If b is of arity 0, its signature is written simply type(b) = T. The constructor
symbols introduced in Section 2.1 can be equipped with the following signatures, for any
basic type T, 711, T5:

type(()) £ 1 type(|0)) = type(|1)) = Qbit
type(0) £ nat type(S) £ nat — nat
type([ ]7) £ List(T) type(consyigy(ry) = T x List(T) — List(T)
type(prTl’TZ) 2T xTh, — XTy T

Note that polymorphic types (e.g., lists or pairs) need to have multiple constructors defined
(one for each possible input type). However, when clear from the context, the previous
notations are used, e.g., h :: t and (h,t). To ensure linearity of quantum data, the set of
basic types is split disjointly between quantum types Q € Q and classical types C' ¢ Q. The
set of quantum types Q is defined below:

Q2 {Quit}u{T | 3ceC,Fie N, type(c) =T, x---xT,, = TAT; €Q}

A quantum type is either the qubit type Qbit, or any type having (at least) one constructor
symbol with a quantum type in its signature.

Typing contexts T', A are sets of the shape {x1 : T1,...,2, : T, }, where x; are pairwise
distinct variables, and T; are basic types. The domain of a context is defined as its set of
variables, i.e., Dom(I') £ {x | x : T € T'}. Whenever we write I', A or I'; A, it is always
assumed that I and A share no variables, i.e., Dom(I') N Dom(A) = @. Given a typing
context O, we say that a substitution o is a O-context substitution, if for any = : T € O, xo
is a well-typed value of type T. Let Subg(©) be the set of ©-context substitutions.

An amplitude typing judgment is written I' kg «, indicating that « is a well-typed
amplitude, with respect to R, under (non-linear) context I'. A term typing judgment is
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written I'; A Foy ¢ : T, indicating that ¢ is well-typed with respect to R and basic type T,
under non-linear context I' and linear context A; when I' = A = &, we may write Foy ¢ : T

These judgments are derived inductively following the typing rules of Figure 3, for a given
STRS fA.

A term typing judgment aims to type normalized terms only. Towards that end, an
orthogonality predicate on terms is introduced. It relies on the notion of orthogonal Kronecker
product, which is a partial map on classical terms 6, : €x € — {0,1}, where §, (t,¢) = 1, and
51 (s,t) £ 0 if there exist a n + 1-hole context C, ¢ € {0,1}, terms sy,..., 5, and t1,...,t,
such that s = C[|q), $1,...,8n] and t = C[|1 — q) ,t1, ..., tn].

» Definition 6 (Orthogonality). Let R be a STRS. Let T;A by s : T and T; A b t : T
be two terms. We say that s and t are orthogonal, written s L, t, if for any substitution
0 € Subg(TUA), 50— Yo, @i -v; € CAN, to =5 S770, Bj - w; € CAN, and:

Z Zﬂo‘iMﬁjﬂ*(gL(Uu wj) =0

i=1 j=1
where, given A € C, \* is the complex conjugate of \.

Note that the above definition requires J; to be defined for all (v;,w;). Typing a
superposition requires the amplitudes to correspond semantically to a normalized complex
vector, and that the normal forms of the terms are pairwise orthogonal.

Given a symbol b € Cl{ F, define In(b) as the set of well-typed inputs of b, i.e., v
(v1,...,v,) € In(b) if type(b) =T1 X -+ x T;, — T and b v; : T;, for all i.

Define v Ly w if v; Loy w; for some ¢. While typing imposes that terms are normalized,
we still need to ensure that quantum programs preserve the norm, i.e., are isometries.

L

» Definition 7. Given a STRS R and a function symbol £ € F, we say that £ is an isometry,
if for all inputs v, w € In(£), U Loy W implies £(v) L £(W).

Finally, quantum term rewrite systems are defined as STRS whose rewrite rules are
well-typed, and where function symbols are isometries.

» Definition 8. A STRS R is called a Quantum Term Rewrite System (QTRS) if all function
symbols are isometries and for any rule | — r € Rey, typing contexts I'; A, and type T':

AFR1:T = I A r: T

» Example 9. The STRS from Example 5 can be showed to be a QTRS. Indeed, each side
of the rewrite rule can be typed identically. Furthermore, as both rewrite rules of f reduce
to orthogonal terms, f can be shown to be an isometry. This is formalized in Appendix A.

3 Main Results

This section is devoted to showing that QTRS are well-behaved and enjoy standard properties
(confluence, subject reduction, ...). It also discusses the hardness of type inference, which
is undecidable in general, and shows that decidability can be recovered under some slight
restrictions. Finally, we exhibit an expressive fragment of QTRS, which has the same
computational power as quantum circuits: it is universal, and can be compiled to quantum
circuits. Based on this fragment, we characterize the class of functions computable in
quantum polynomial time, known as FBQP [11].
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3.1 Standard Properties of QTRS

Because of orthogonality and the evaluation strategy, STRS are confluent up to equivalence.

» Lemma 10 (Confluence). Let R be a STRS, and let t be a term. Suppose that there exist
two terms t1,ta such that t —3; t1 and t —3; ta. Then, there exist two terms ts,ts such that
tq —>;‘ ts, to —);% ty4 and t3 =ty.

Typing is preserved through reduction for terminating or classical terms.

» Lemma 11 (Subject reduction). Let R be a QTRS, and let Fox s: T be a well-typed term
that is either terminating or classical. If s =, t, then Foy t = T.

» Remark 12. Termination is required to type superpositions obtained after reduction. For
example, take the QTRS made of the three following rewrite rules:

R ={Q0) = Q(s(0))  QS(n)) = Qn)  £(]3)) = [i)}

Take t = (a% -10) + a1 - £(|1)),€(0)), with [[a%]] = % While ¢ is well-typed, t —n

al - (10),2(s(0))) tag - (11),£(0)), which cannot be typed, as summands do not terminate.
2 2
A well-typed term always possesses a unique canonical form.

» Lemma 13 (Canonical form). Let R be a QTRS, and let T; A by ¢ : T be a well-typed term.
Then, t has a unique canonical form Y« o; - t; up to reordering and amplitude equivalence,
and ;A b, t; 2 T.

As a consequence of Lemma 10 and 13, the orthogonality predicate (Definition 6) is
sound.

A QTRS %A is said to be total, if for any function symbol £ and any input T € In(f), there
exist a substitution ¢ and a rule | — r € Ry such that lo = £(7). For total QTRS, normal
forms coincide with terms equivalent to values.

» Lemma 14 (Normal forms). Let R be a total QTRS. Then, NFy is exactly the set of
well-typed ground terms equivalent to values.

3.2 Type Inference

This section discusses the decidability of type inference. The typing rule for superpositions
requires computing additions, multiplications, and nullity checks on complex numbers. Recall
that algebraic numbers are complex numbers that are roots of a polynomial in Q[X], and
write their sets as C. In the field of algebraic numbers, equality is decidable, and product and
sum are computable [38]. In this section, we thus restrict ourselves to amplitudes symbols
satisfying [a] : N*(®) — C.

The typing rule for superpositions (Figure 3) also requires orthogonality checks s L ¢,
which imply checking termination wrt a universal quantification over all possible substitutions
(see Definition 6). Hence, typing is undecidable in the general case: we show that it is at least
as hard as the Universal Halting Problem, i.e., I13-hard in the arithmetical hierarchy [28].

» Theorem 15 (Undecidability of type inference). Given a STRS R, deciding whether t can
be typed is 19-hard, and belongs to X9.

Moreover, type inference without equivalence = is I13-complete. Decidability of type
inference can be recovered by restricting the typing rules: a well-typed term ¢ is said to be
easily typed, if its typing derivation does not use any equivalence rule and, in any typing rule
for superpositions, the orthogonality check s Lgs ¢ is replaced by the check §, (s,t) = 0. Easy
type inference can be decided in polynomial time and implies that the term is well-typed.
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» Theorem 16 (Decidability of easy type inference). Let R be a terminating STRS, where A
contains only symbols of arity 0. There is a polynomial P such that easy type inference of t
is decidable in P(|t]), and implies that t is well-typed.

For example, all rewrite rules from Example 2 can be easily typed. However, Theorem 16
still requires termination, which is known to be undecidable. Nevertheless, Section 4 will
discuss termination techniques that can be used to obtain a termination certificate, thus
giving a semi-automatized procedure for type inference.

3.3 QTRS and Quantum Circuits

This section exhibits a relation between QTRS and quantum circuits. Towards that end,
a fragment of QTRS is introduced (QTRSCirc, Definition 19). This fragment is universal
for quantum circuits (Theorem 21), and can be compiled to families of quantum circuits
(Theorem 22). For programs with a specific recursive structure, the size of the obtained circuit
can be faithfully related with the runtime-complexity of the QTRS (Theorem 25), allowing
to characterize precisely FBQP (Theorem 27), the natural complexity class for quantum
polynomial time computable functions.

While function symbols of a QTRS preserve orthogonality, they do not always output
a coherent number of qubits. As a counter-example, just consider the following QTRS
{£(]0)) — 10) == [ ], £(|1)) — [1) :: |1) :: [ ]}. Furthermore, a naive padding with ancilla qubits
could break the behaviour of a more general QTRS, e.g., if f is used as an input for another
program. To tackle this problem, we introduce the notion of structure, which keeps only the
classical shape of a value by replacing any occurrence of a qubit by the unit. Formally, the
structure of a constructor is defined as struct(|0)) = struct(|1)) £ () and struct(c) £ ¢
for c € C\ {|0),|1)}. The structure is then defined as a partial map on values by

struct(c(v)) £ struct(c)(struct(v))
struct(a -v) £ struct(v)
struct(vy + ve) £ struct(vy) if struct(v1) = struct(vs)
where struct(vi,...,v,) 2 (struct(vy),...,struct(v,)). Two classical values have the

same structure if they differ only on their qubit constructors. The above problem is solved
by requiring that f reduces to values of identical structure, on inputs of identical structure.

» Definition 17. Let R be a terminating QTRS. We say that £ € F is structure preserving,

if for any U,w € In(£f) such that struct(v) = struct(w), £(T) = v, (W) —§ w’, and
struct(v') = struct(w’).

Therefore, compilation of a function symbol £ will differ depending on the considered
structure of inputs. In particular, not all rewrite rules can be applied to a specific structure.
Formally, a f-structural set S is a set of £-rewrite rules such that VI — 7, I’ — 1’ € S, there
exist two substitutions o, ¢’ such that lo = £(v), I'0’ = £(v'), and struct(v) = struct(v’).

Compiling a function symbol £ can be done in two ways: either the considered rewrite
rules are viewed as a single unitary gate, or each rewrite rule is compiled separately as a
controlled statement. We say that £ encodes a unitary, if any f-rewrite rule I - r € R
satisfies r € V, allowing us to compile f as in the former case. To properly compile the latter
case, it is required that all the considered rules treat the control qubits identically and leave
them untouched. This property is ensured by the definition below.
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» Definition 18. Let R be a QTRS, and let £ € F. We say that £ quantum controls, if for
any f-structural set S, there exist a n-hole classical context C, and a n 4+ m-hole classical
context C' with no function symbol occurrence, such that for all l; — r; € S:

Li=Cllin), - lin)] A 15 =Cir) sy lin) ), 1]

Finally, we restrict constructor symbols to the set Cq = {|0),[1),0,S, ][], cons,pr}, so
that values have a meaning circuit-wise. Altogether, define QTRSCirc as the intersection of
all the above restrictions.

» Definition 19. Define QTRSCirc as the set of QTRS R, where C C Cq, and for all £ € F,
f is structure preserving, and either £ encodes a unitary, or £ quantum controls.

» Example 20. The QTRS from Example 2 belongs to QTRSCirc. X, T,H all output values,
thus encode a unitary, while CNOT leaves the control qubit untouched, thus quantum controls.
All symbols also are structure preserving, as they respectively output a qubit and a pair of
qubits no matter their inputs. Similarly, each function symbol from Example 3 quantum
controls and is structure preserving, as it outputs a qubit list of same size as its input, thus
it belongs to QTRSCirc.

Let us now discuss the relation between QTRSCirc and quantum circuits. Recall that a
family of quantum circuits (C,,)nen is said to be uniform, if there exists a Turing machine
which, on input n, outputs the circuit representation of C,,.

As term rewrite systems are known to be Turing complete [40], any uniform family of
circuits can be expressed as a QTRS, with the notation ¢ty = 0 and ¢,4+; = S(¢,) for all
n € N, and by encoding any n-qubit state [¢) =>_, . cro1}n Qar.z, [21... @) into the
value t|4y defined below:

By 2 D sl sz a0 with [an 0] 2 0y,
zi..x,€{0,1}"

» Theorem 21 (Universality). Let (Cp)nen be a uniform family of circuits. Then, there
exists a QTRS R € QTRSCirc of main symbol £ such that, for any n € N and any n-qubit

state |§), £(tn,t)g)) =% te,|g)-

We now prove that any QTRS in QTRSCirc can be approximated by a uniform family
of circuits. Towards that end, we encode naturally any value v with constructor symbols
in Cg to a quantum state |v), by discarding natural bumbers. This is extended to tuples
7= (v1,...,0,) by |[0) 2 |v1) ®--- @ |v,,). Given any tuple T and any value v/, a circuit C is
said to approzimate v with probability p € [0, 1] on input 7, if C'|[v) evaluates to |¢), and
(/]6)[2 > p.

As discussed before, compilation of the QTRS will be done with respect to an input
structure. Therefore, compilation yields a family of circuits indexed by the structure of the
possible inputs of £, i.e., by the set S(f) £ { struct(v) | © € In(f) }. Note that the proof is
constructive, thus actually generates the family of circuits C(fR).

» Theorem 22 (Circuit compilation). Let R € QTRSCirc be a terminating QTRS of main
symbol £. Then, we can generate a family of circuits C(R) £ (Cuy)wes(s) S-t., for any input
v € In(f), if £(0) =5 v then Cyyruce(w) approzimates v’ with probability % on input T.

We are now interested in obtaining bounds on the size of the generated circuit. Towards
that end, an ordering =9 on function symbols is introduced: £ =9 g holds if £ calls g in its

11
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reduction. Formally, =gy is defined as the smallest transitive relation satisfying £ =9 g when
there exists a context C' such that £(3) — C[g(t)] € Rm. We also define its induced strict
order and equivalence relation respectively by g9 and ~gx. The rank of a function symbol is
defined inductively as follows, with the convention that max(0)) = 0:

rk(f) £ max (rk(g) + 1)
f>mg
Function symbols are restricted by prohibiting mutal recursion and enforcing that recursive

calls are always performed on the same input. This is defined formally below using the
notation Callee(f,S) £ {£(3) | | — C[£(3)] € S}, for £ € F and for a f-structural set S.

» Definition 23. A QTRS R is said to be simply recursive if, for all function symbols £, g,
f gy g implies £ = g and, for any £-structural set S, #Callee(f, S) < 1. Define SRec as the
set of simply recursive QTRS.

These conditions are akin to [36], allowing to merge recursive calls together and avoid an
exponential blow-up in the size of the circuit; they are verified for the QTRS of Example 3.
We define the following syntactic sugar for a tuple v = (v1,...,v,): [0] £ Y0, |vi].

» Definition 24. Let 7: N — N be a non-decreasing function. Define Time(7) as the set of
QTRS of main symbol £, where for any v € In(£), £(T) terminates in at most 7(|v|) steps.

On the fragment of QTRS defined below, the size of the circuits C(9R), generated by the
proof of Theorem 22, can be upper-bounded and related with the runtime-complexity of the

QTRS:

QTRS(7) = QTRSCirc N SRec N Time(7).

» Theorem 25. Tuke R € QTRS(7) of main symbol £. Then, for any© € In(f), |Cseruce(w)| =
O(7([v])™ 41, where Coppucr(z) € C(R) is the compiled circuit of corresponding structure.

We end this section by providing an implicit characterization of the complexity class
FBQP. Recall that a family of circuits (Cy,)nen is said to be uniform polynomially-sized if
there exists P € N[X] such that |C,,| < P(n) and there is a polynomial-time Turing machine,
which takes n as input and outputs a representation of C,, for any n € N.

» Definition 26 ([11]). A binary function f:{0,1}" — {0,1}" is said to be computed by a
family of circuits (Cy)nen if, for any x € {0,1}", C|;| approzimates f(x) with probability 3
on input x. FBQP is defined as the set of binary functions computed by a uniform polynomially-
sized family of circuits.

Define the fragment of QTRS terminating in polynomial time on lists of qubits.
QTRS(Poly) £ Upenix){(A,C,F,X,R)s € QTRS(P) | type(£f) = List(Qbit) — List(Qbit)}

Using the characterization of FBQP from [63] and Theorem 25, QTRS(Poly) is shown to
correspond exactly to FBQP. Let {QTRS(Poly)} be the set of binary functions that can be
computed by C(R) for R € QTRS(Poly).

» Theorem 27 (FBQP characterization). {QTRS(Poly)} = FBQP.
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4 Complexity Analysis

The previous section emphasized that termination of a QTRS is a crucial hypothesis used for
many results to hold, e.g., subject reduction (Lemma 11), type inference (Theorem 16), or
circuit compilation (Theorem 22). In this section, we discuss how termination of a STRS can
be proved, by adapting existing techniques from standard TRS. This is done by extending
orders on classical terms to orders on any term with superposition (worst path orderings,
Section 4.1). We show how these orders can be used to adapt well-known existing termination

techniques — e.g., polynomial interpretations and dependency pairs — to the QTRS setting.

Finally, we also show how we can obtain complexity results for polynomial time, yielding a
decidable criterion to check whether a given QTRS computes a function in FBQP.

4.1 Worst Path Orderings

Recall first some definitions. A quasi-order 3= is a reflexive and transitive relation. A strict
order > is an irreflexive and transitive relation. For each quasi-order, we can associate the
strict order s =t <= s =t A —(t > s). If no infinite chain ¢; > ¢3... can be built for a
strict order, it is called well-founded. A STRS fR is said to be compatible with a strict order
>, if for all rules [ — r € Ry, I = r. An order > is said to be monotonic, if s = t implies
b(...,8...)=b(...,t,...) for all terms s,¢ and for all b € C|¢ F. An order > is said to be
closed under substitutions, if s > t implies so > to, for all terms s,t and substitutions o. A
rewrite order is a monotonic order closed under substitutions.

On standard TRS, proofs of termination often include finding a well-founded rewrite
order >, such that if s reduces to t, then s > t. However, existing orders are defined on
classical terms. To extend these orders to any term of a STRS, remark the following lemma.

» Lemma 28. Let R be a STRS, and let t =" | a; - t; be a well-typed term. If t starts an
infinite chain on the order induced by —st, then so does t; for some 1 <i < n.

We also have the contrapositive result: if all ¢; terminate, then so does ¢t. Therefore, the
idea is to allow the order to always take the worst path, i.e., the term of a superposition
taking the most time to reduce; this can also be seen as taking the maximum over multiple
paths. This is formalized below.

» Definition 29. Let = be a quasi-order on classical terms. We define the worst path
extension of = as the relation =, defined inductively as follows:

s;te€C  smt s=>" -5 €CAN  Ji, s t tEZ;n:l/Bj’tjGCAN Vi, s Fwt;
Srwt Srwt S Fwl

This relation enjoys the following properties. In particular, it is actually a (quasi-)order,
hence the name worst path ordering.

» Lemma 30. Given a quasi-order =, the following properties are satisfied, for any
=) ;s €CAN and t =377 B - t; € CAN:

St <= Vj,di,s; = tj,'

If s,t are classical, s =, t <= s = t;

=w 1S a quasi-order.

If = is a rewrite order, then =, is a rewrite order too.

Furthermore, it can be used to obtain termination of STRS compatible with the ordering.

13
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» Theorem 31. Let = be a quasi-order, where its induced strict order is a well-founded
rewrite order. Then, any STRS compatible with the worst path extension =, terminates.

Theorem 31 thus allows us to generate a termination technique, for each well-founded
rewrite order > on classical terms. Such orderings have been deeply-studied in the literature
and we now show a few adaptations of some of these orderings to the quantum setting.

4.2 Polynomial Interpretations

Polynomial interpretations were introduced in [47] as a way to show termination of a TRS.
The main idea is to associate each symbol with a monotonic function (—), called interpretation,
such that it decreases strictly over any rule [ — r, i.e., () > (r). This is extended by defining
interpretations over superpositions as the maximum of the interpretations.

Equip N with the natural strict ordering >y. Given two polynomials P,Q € N[ X1, ..., X,],
define P >N @ as follows:

P-NQ <= Vzi,...,2, EN,P(21,...,24) =N Q(x1,...,20)

An assignment (—) is a function mapping each symbol in CHF to a multi-variate
polynomial (b) € N[X3,..., X.)]. Define VAR as the countable set of indeterminates
that can be used in polynomials, and fix a map p : X — VAR for the rest of the paper.
Assignments are extended to any term of a STRS inductively as follows:

(0(51,---,82)) = O)((51); - -, (sn))

¢ ¢ idedt =S t; € CAN
(1) % max (t:),  provided t=3 a;-t; €

(1>

where maxj<;<p(t;) is a polynomial P satisfying P =N (¢;). By unicity of the canonical
form (Lemma 13), the assignment of a term is properly defined.

Given an assignment (—), define the order =(_) as s =(_) t <= (s) =~ (t). An
assignment (—|) is monotonic if ~(_) is monotonic. A STRS R is compatible with an
assignment (—), if 2R is compatible with its ordering >~(_). As =(_) can be showed to satisfy
the properties of a worst path ordering, finding a compatible assignment provides a criterion
for termination.

» Theorem 32. Any STRS compatible with a monotonic assignment terminates.
» Example 33. Define the STRS R made with the following rules:
X(|i)) — |1 — i)

£z, []) === ]
£(|0),h::t) — sgnt - |0) = £(h,t) +sgn’ - [1) : £(X(h),t)
£f(|1),h::t) — sgnt - |0) : £(h,t) +sgn” - [1): £(X(h),t)

R =

Then, given the following monotonic assignment:
) =([h=1 (cons)(X,Y)=X+4+Y +1 X=X+1 f)(X,Y)=X+3Y

Checking that R is compatible with this assignment is direct for the X-rewrite rules and the
first rule of £; the check for the last two rules is done below:

(f(l5) ,h =) =4+ 3(R) +3(t) =~ 3+ (R) +3(t) = (|1) :: £(X(R), 1)) =~ ([1) :: £(h,t))

Therefore, R terminates.
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4.3 Dependency Pairs

Dependency pairs [2] is another termination technique, which has the perk of dropping the
strict monotonicity condition for rewrite rules. The idea is to define, for any rewrite rule
I — r and any subterm s of r whose outermost symbol is a function symbol, a dependency
pair (l,s). Proving termination is equivalent to finding a quasi-ordering = such that it
decreases weakly on rewrite rules but strictly on dependency pairs, i.e., [ = r and [ > s.

This definition is adapted by requiring ¢ to be a subterm of the canonical form of r, i.e.,
r=3>" a1 €CAN and r; = C[t] for some 4, denoted C|[t] <cay  for conciseness. As for
worst path orderings, this definition will be sound, but not complete.

For each function symbol £ € F, we associate a corresponding tuple symbol F, of same
signature. For clarity, upper case symbols correspond to tuple symbols in the following.

» Definition 34. Let R be a STRS. If £(s1,...,8,) > 17 € R AClg(t1,...,tm)] <cay 7, for
g€ F, then (F(s1,...,8n),G(t1,...,tm)) is called a dependency pair of R.

Chains are then defined as successive dependency pairs.

» Definition 35. Let R be a STRS. A sequence of dependency pairs (s1,t1), (Sa,t2) ... is a
MR-chain, if there exists a substitution o, such that t;o —3 r; and sj410 <cay 75 for all j.

The absence of infinite M-chain implies termination, as in [2].
» Theorem 36. A STRS R is terminating if no infinite R-chain exists.

Equivalently, termination can be proven by finding orderings as defined below, which
implies the absence of infinite fR-chain.

» Theorem 37. A STRS R is terminating if there exists a well-founded weakly monotonic
quasi-ordering = on classical terms, where = and %= are closed under substitution, such that:
U= r; for all rules | — "1 o - r; € Ry and for all i, with Y., o; - r; € CAN;
s >t for all dependency pairs (s,t).

4.4 Complexity Results

Sections 4.2 and 4.3 have provided different techniques, based on Lemma 28, for proving
the termination of a STRS. We now are interested in obtaining complexity results on the
runtime-complexity, which rely on the following lemma.

» Lemma 38. Let R be a STRS, and let t = Z?:l ;- t; € Tg. Assume each t; terminates
in at most k; steps. Then t terminates in at most maxi<i<n k; steps.

As a consequence of Lemma 38, the assignment of a term bounds its runtime complexity.

» Lemma 39. Let R be a QTRS compatible with an assignment (—). Then, given any term
t, it terminates in at most (t) steps.

Despite their name, polynomial interpretations are not necessarily bounded by polynomials.
This can, however, be obtained by imposing a structure for constructor assignments.

» Definition 40. Let R be a QTRS, and let (=) be an assignment. We say that it is an
additive assignment, if for all c € C of arity n > 0, (c) = Y i, X; + ac, with ac > 1.

Such a restriction allows bounding any assignment by a polynomial, and thus to obtain
polynomial time.
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» Theorem 41. Let R be a QTRS compatible with an additive assignment and let £ € F.
Then, there is a polynomial P such that for any v € In(£), £(U) terminates in time P(|v]).

As a consequence of Theorem 27, this yields a decidable way of checking whether a

compilable QTRS computes a binary function in the quantum complexity class FBQP.
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A  Additional Material

» Example 42. Let us come back on the STRS defined in Example 5, and prove that it is
a QTRS. The function symbol f comes with the signature type(f) = nat — Qbit — Qbit.
First, prove the typing condition; and suppose that I'; A i £(n,]0)) : T. By Lemma 54, as
the term terminates, its typing tree contains only classical rules. The only applyable rule is
the symbol rule. Going upwards gives the following typing tree:

I',n:nat;@Fx n:nat T,n:nat;@ gy |0): Qbit
I',n:nat; @ by £(n,|0)) : Qbit

Thus, imposing 7' = Qbit and A = (. The right term can be typed identically as follows,

T',n :nat; @ Fgq n : nat

I',n :nat lFgy sgat I, n:nat lFgy at(n) Dyn:nat; @ boq [i) : Qbit  [0) Lgg |1) Vo € Subg(D, n : nat), |[sgnt ]2 + [[at (]2 =1

T, n :nat; @ ey £(n,|0)) : Qbit

The amplitude condition can be verified straightforwardly, for any substitution of n by a
ground natural number ¢. This process can be done for the other rewrite rule, and validates
the second condition of Definition 8. It now remains to show that f is an isometry. Consider
two inputs v,w € In(f). By typing, they are of the shape v = (a - |0) + 5 - |1),t) and
w=(y-]0)+-|1),.). if v Lo w, this implies the following:
S = [edyI*dL((10) 1), (10}, 1)) + [e][0]*6L((10) , 1), (1), )
+BIIoL((11) 1), (10}, 1)) + [B110]"6.((11) , &), (11), 1)) = 0
For §, to be defined, it imposes ¢ = ¢/; and the equality implies [o][v]* + [B][0]* = 0. Now,
it remains to prove that £(a-[0) +5-|1),¢) Lo £(a-|0) + B |1),1). Developping each term
through =, and then reducing them via (Q) yields the two reduced:

(a-sgn™ +B-a (1) 10)+ (a-a" () + 3 -sgn)-|1)
and
(v-sent +d-a7()-|0) + (y-a* () +5-sgn”) - [1)

These terms are also expressed as canonical forms. Again, expressing the orthogonality yields
the following, as d, (]¢), |1 — 1)) = 0:

S=la-sgn” +p-a ()][y-sgnt +d-a ()] +[a-at(t)+F-sgn[[y-at (L) + 6 sgn ]

By computing the amplitudes, we obtain S = [a][v]* + [B][6]* = 0. Therefore, £ is an
isometry, and R is a QTRS.

B Proofs of Section 3

B.1 Proofs of Section 3.1

We first introduce an operator 8,(t), called the quantity, which aims to measure the amplitude
of a classical term s in a term ¢. This will be in particular useful to show Lemma 47. Suppose
A contains two symbols ag,a;, where [ag] = 0 and [a;] = 1. Given a term ¢, denote
Subg(FV(t)) as the set of substitutions such that to is a ground term.
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» Definition 43. Let s be a classical term. We define the following map 65 from terms to
amplitudes as follows:

gs(x) é(;&x
’{1 95‘ tZ , =b 7...,tn
Os(b(t1,...,1t,)) A {Hz:l () if s (s1 )
ag else

Os(ts +t2) £ 05(t1) + Os(t2)
Os(a-t) 2 - 0,(t)
where the notation 5, outputs a; if s =1, and ag else.
» Lemma 44. Let s be a classical term. Then 04(s) = a;.
Proof. Proven by induction on s, direct by definition of the quantity. |

» Lemma 45. Let s be a classical term and t,t' be two terms. If t = t', then for any
substitution o € Subg(FV(t)) N Subg(FV(t)), [0s(t)o] = [0s(t')o].

Proof. By induction on each rule defining = in Figure 1; the transitive and reflexive case
can be derived from this. The first two lines of rules are verified directly as C is a vector
space; while the linearity rules follow directly the case of summation in Definition 43. The
last rule with the equivalence context can be proven by induction, on the construction of the
context, the base case being verified above. |

» Lemma 46. Let s,t be two classical terms. Then 04(t) = 05+

Proof. Direct by induction on ¢; as it is classical, only the first two cases of Definition 43
are considered. <

As a consequence, if t =Y | a; - t; with ¢; being classical terms, 0,(t) = Y 1| o - 0s,-

» Lemma 47 (Unicity). If to has a canonical form, then it is unique, up to reordering and
amplitude equivalence.

Proof. Suppose o has two canonical forms t = 377" | ;- t; and s = 37" | B - 55, thus s = ¢.

Take any substitution o € Subg(FV(s)) N Subg(FV(¢)), and any 1 < iy < n. By definition of
the quantity and by Lemma 46, [0;, (t)o] = [c;,0], which by definition of a canonical form,
is different from 0. By Lemma 45, [0, (t)o] = [0r, (s)o] = 371 [55] - 0ty s, 1 Ot 55 = 20
for all j, then [0y, (s)o] = 0, which will contradict Lemma 45; and if there are two j where

it is a;, then we will have s; = t;) = s} which contradicts the fact that s is a canonical form.

Therefore, there exists jo such that ¢;, = s;,, and o, is equivalent to 8;,. Thus, any ¢; has a
unique match in (s;), therefore n < m. The same process can be done the other way around,
so m < n, thus m = n. So each sum contains the same number of elements, such that there

is a map from 1,...,n to 1,...,n that associates ¢ with j such that ¢, = s; and a; = B;.

Therefore, both sums are equal up to permutation of the ;. |

» Lemma 48. Let R be a STRS, and t be a term. Then, eithert =ag-t', ort =Y 1 | a;-t; €
CAN, and this canonical form is unique, up to sum reordering and amplitude equivalence.

Proof. Unicity being direct from Lemma 47, let us prove either the existence of a canonical
form or ¢t = ag - t/, by induction on the syntax of . Note that if ¢ = ag - ¢/, then ¢ has no
canonical form.

21
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If t = x, then t has a; - x as a canonical form, which is equivalent to ¢ directly by =.
Suppose t = b(ty,...,t,). By induction, either t; = ag - t; is verified for some i, in
which case t = ag - b(t1,...,tn); else, all ¢; possess a canonical form. Therefore, we have
t; = Z;n:1 oy, - tj,. By developing ¢ under =, we have:

mi My,
t= Z Z Qjy - Qg 'b(tj17"'7tjn)

Jj1=1 Jn=1

This can be seen as the following sum, where oy, = aj, ... v,

-
M X+ XMy,

t= > ax-b(tf,...,th)

k=1

In particular, Joy] # 0 as Jo;,] # 0; and as, for fixed ¢, all ¢;, are pairwise distinct, so
are the b(t¥, ... t). Therefore, this is a canonical form.

Suppose t = Z?zl «; - t;. By induction hypothesis, either t; = ag - t;, in which case
it can be removed through =, or it possesses a canonical form. One can thus rewrite
t =)7L, o -, where t/; are the ¢; such that ¢} # ap - /. Let us denote py, as the set of

J
all classical terms present in the canonical form of at least one t;. Up to adding them

with = (t =t +ag - px), We can write each t’; as 22:1 Bjk - Dk, and thus write ¢ as follows:

m l l
tEZOz; : (Zﬂjk Pr) = Z% * Pk
k=1 k=1

Jj=1

with v, = Z;nzl a;Bjk. By definition, all p, are classical and pairwise distinct. Now,
either [yx] = 0 for all k, and t = ag - t/; or [vyx] # 0 holds for some k, and the obtained
term is a canonical form, up to removing the other terms. |

» Lemma 49 (Weakening). Let R be a QTRS, and let T; A by t: T be a well-typed term.
Then, for any TV D T such that ' NA =&, IV;Abn t: T.

Proof. Direct by induction on typing. <

» Lemma 50. Let R be a STRS, and let s,t be two terms. Suppose s =t, s —m s’ and
t = t'. Then, t =1

Proof. This is proven by induction on the size of the derivation of both — g relations.

If either s or t reduces by the rule (E), assuming s without loss of generality, then s = s,
s1 =, sp and 8 = ¢'. Thus, t = s, by induction hypothesis, s§ = ¢/, and by transitivity of
=, s’ =t/. We now suppose that both s and ¢ do not reduce via (E).

If s,t both reduce via the rule (C), then they are both classical. By quantity, 1 =
[0s(s)] = [0s(t)] = [0s,:], thus s = ¢, with s = E[lo] and ¢t = E'[l'0’]. As E reduces from left
to right and s =t then E = F’; and as Rg is orthogonal, there is a unique choice for the
rewrite rule, thus [ =I’, and o = o’. Therefore, by the rule (C), s’ =t'.

Suppose s,t both reduce via (Q), thus t = > | a; - t;, and s = Z;”:l Bj - sj (same for
s',t' by adding " on ¢; and s;). By Lemma 47, their canonical form are equal, up to reordering
and amplitude equivalence; in particular, they have the same number of elements. Therefore,
for any t;, there exists s; such that ¢; = s;; either they are normal forms, in which case
t; = si; or they both reduce, in which case by induction hypothesis #; = s’;. Furthermore, for
these terms, o is equivalent to f;; thus one can rewrite t' =t + (8; + amin - ;) - t;, with
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lamin] = —1, as [Bj + amin - ;] = 0; this thus transforms «; - t; in 3, - t;. Therefore, starting
from ¢, one can reorder all terms as in ', replace a; by f3;, and replace t; by s;; all of this
can be done via =, and we reach s’. Therefore, ¢’ = s'.

Finally, suppose s reduces via (C) and t via (Q), thus t = >_" | a; - t;. By unicity of the
canonical form, as a; - s is a canonical form, ¢t = a-t1, where ¢ = s and [a] = 1. By definition,
t1 must reduce to some t;; by induction hypothesis, s’ =t}. As[a] =1, =a-t] =t = ¢,
thus we conclude.

<

» Lemma 10 (Confluence). Let R be a STRS, and let t be a term. Suppose that there exist
two terms t1,ta such that t =5 t1 and t =5, to. Then, there exist two terms t3,ty4 such that
t *)SQ t3, T2 —);Q ty and tz = t4.

Proof. The fact that the canonical form is unique is direct by Lemma 47. Let us prove
semi-confluence, which implies confluence. Let ¢ be a term, suppose ¢ =, 1 and ¢ =35, ta,
and prove that there exist ¢3,?4 such that t1 —§ 3, t2 —§; t4, and t3 = t4. This is done
by induction on the number of rewrite steps of t =3 ¢o. If it is done in O steps, then take
ty =tz = t1. If it is done in one step, then by Lemma 50, t; = to, thus take t3 = ¢; and
ty = ty. If it is done in two steps or more, i.e., t =x t’ = " =% t2, by Lemma 50, t' = t1;
via (E) rule of Figure 2, t; —x t’. Therefore, take t3 =ty = to. <

» Lemma 51. Let R be a QTRS, and let t be a term. Suppose t —>93 t1. Then, t Z ag - t'.

Proof. Direct by induction on —g; in the case where t is classical, conclude by Lemma 45
by checking 6;(t) and 60;(ag - t). <

» Lemma 52. Let R be a QTRS, and let s be a term. Suppose s —y, t. Then s =
S s, ECAN, t ="y -ty and s; —y ti.

Proof. First, Lemma 51 states that s # ag - s/, and thus Lemma 48 implies that s has a
canonical form Y | a; - s; € CAN. Now, by induction on the derivation of s — ¢:
If s = C[ol], as it is a classical term, s = a; - s € CAN, and ¢ = a; - t, thus we conclude
directly;
If s is equivalent to some s’, s’ has the same canonical form as s, thus by induction
hypothesis we can conclude.
If s is directly a canonical form, we conclude. |

» Lemma 10 (Confluence). Let R be a STRS, and let t be a term. Suppose that there exist
two terms t1,ta such that t =5 t1 and t =5, ta. Then, there exist two terms t3,ty4 such that
tq *)SQ t3, to —);Q ty and tz = t4.

To ease the notations, the rules of Figure 3 typing term equivalence, a symbol b, and a
superposition, are respectively denoted with labels (equiv), (symb), and (sup) in the following
proofs.

A typing derivation is said to be classical, if it contains neither (sup) nor (equiv) typing
rules.

» Lemma 53. Let R be a QTRS, and let T'; Aoy t: T be a well-typed classical term. Then,
it can be typed by a classical typing derivation.

Proof. First show that for any I'; A g t : T well-typed term, and any classical term s, if
[0s(t)] # 0, then I'; A By s : T holds with a classical typing derivation. This is proven by
induction on the typing of ¢.
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If ¢ is typed as a variable, then it is classical, thus [0;(x)] # 0 implies that s = x, thus we
conclude.

If t = b(t1,...,t,), then quantity implies that s = b(s1,...,s,) with [0, (t;)] # 0. By
induction hypothesis, we obtain typing of s; with same type and context as ¢; via a
classical derivation, thus we conclude.

If t = ¢/, Lemma 45 implies that [0s(¢')] # 0, thus we apply the induction hypothesis and
conclude, as ¢’ and ¢ have the same type and context.

Finally, suppose t = Y | a;-¢;. By quantity, if [0,(¢;)] = 0 for all i, then [0, (¢)] # 0 fails.
Thus, apply the induction hypothesis on 6,(¢;) where [05(¢;)] # 0 holds, and conclude as
t; has same type and context as t.

We conclude by applying this result for ¢ = s, as 65(s) = a; by Lemma 44. |

» Lemma 54. Let R be a QTRS, and let T; A by t : T be a well-typed terminating term.
Then, it can be typed as follows:

AR sg: T
- (sup)
INAFgw s : T
_ (su
AR s, : T (sup)
AR t: T

Sp =
- (equiv)

where t types so via a classical typing derivation, and then is followed by n > 0 (sup) typing
rules, and one (equiv) typing rule.

Proof. The derivation is built by modifying the original typing derivation of ¢, with the
following remarks. Note that below, when we say that a typing rule (a) commutes with (b),
we only mean that a derivation with root (b) and direct premise (a) can be rewritten as a
derivation with a root (a) taking as direct premise (b).

First, an (equiv) typing rule commutes with any other rule, thanks to the last rule of
Figure 1; and by transitivity of =, two (equiv) rules can be merged together. Any typing
derivation for the following case can be considered with only one (equiv) rule at the end.
We also need to prove that (sup) commutes with (symb) for terminating terms, up to
adding an (equiv) rule. Assuming that (sup) happens in the first slot without loss of
generality, if b(3_); a; - t;,..., Sm) is typable through (symb) and (sup), we want to
prove that Y | a; - b(t;,. .., sm) is typable through (sup) and (symb), thus the initial
term is typable through (equiv), (sup) and (symb). The contexts and types will be correct
for the typing to happen, and the phases are normalized, but the difficult part is to show
that if ¢; Lo t;, then b(t;,..., Sm) Lo b(tj, ..., ). However, if b is a constructor, then
the terms will reduce to b(v, ..., wy,), where v; Ly v; as ¢; L, t;, thus orthogonality is
recovered; and if b is a function symbol, it must be an isometry by definition of a QTRS,
and thus orthogonality is also preserved (up to reducing the ¢; to their normal forms v;,
which can be done as they are orthogonal, thus terminate). Furthermore, considered terms
always terminate. Indeed, either it is part of a construct from the original terminating
term ¢; else, it must have been introduced through =, but thus introduced a summation,
which, if typed, implies that it terminates.

Using these remarks, one is able to commute the rules accordingly to obtain the expected
structure. <
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» Lemma 55. Let R be a QTRS, and let oy s : T be a well-typed classical term. Suppose
s =to, fort a left-linear classical term. Then, there exist Ty A such that T; A bt : T, and
o € Suby(T'U A).

Proof. Recall that ¢ maps variables to classical values. By induction on the syntax of ¢,
either ¢t = x, in which case I'; A Fgy x : T is valid through one of the two variable typing
rules, taking Dom(T") UDom(A) = {x }; and o maps x to s, which is a classical and closed
value of good type. Else, t =b(t1,...,t,), which implies that s =b(s1,...,s,) by action of
a substitution, with s; = t;o. As s is classical, Lemma 53 states that it has a classical typing
derivation, thus we have type(b) =T1 x --- x T,, = T, and I'; A; b ¢; : T;. By induction
on each t;, I A; by s; : T, and o € Subg(I'U A;). Typing with (symb) yields the expected
typing result; and as t is left-linear, variables in the ¢; are disjoint, and thus we can conciliate
all possible cases to obtain o € Subg(I' U A), and conclude. <

» Lemma 56. Let R be a QTRS, let T; Aoyt : T be a well-typed term, and let T gy o be
a well-typed amplitude. Then, for any substitution o € Subg(I' U A), by to : T and Ik ao.

Proof. By induction on typing of both amplitudes and terms.

Ift =x,thenx: T € TUA, thus i so : T is direct by definition of a context substitution.

Suppose t = s, with I'; A Fg; s : T. By induction hypothesis, g so : T, and it is easy

to verify that so = to, as 0 maps to classical values, thus the structure stays identical.

Therefore, Fgz to : T

Ift =b(t1,...,t,), typing implies that A = Aq,..., A, with I'; A; bey t; : T;. Now, o is,
a fortiori, a I' U A;-context substitution. Therefore, by induction hypothesis, Fo t;0 : T},
thus kg b(t10,...,t,0) : T, and conclude as b(t10,...,t,0) = to.

Suppose t = Z?Zl a; - t;. By typing, I A by t; © T, thus Fey t;0 @ T by induction
hypothesis. By typing, I' IFoz oy, thus IFez a;0 by induction hypothesis; By typing,
S [[eud]|* = 1 is true for any substitution § € Suby(T), thus as o is, a fortiori, a
I'-context substitution, it is true for o, and now «;o are closed, thus no need to verify it
for another substitution. Finally, ¢; L t; implies that for any substitution ¢ € Subg(I'UA),
t;, t; reduce to some value which verifies some properties. Again, this is true in particular
for o, and now t;0 is closed, thus orthogonality is verified between ¢;0 and ¢;o. Therefore,
one is able to type b Y i (a;0) - t;o : T, which, by definition of o, is equal to to.

If a =a(af,...,af), this is direct by induction as for b(ty,...,t,).

The case for a; + oz and aj - as are also direct by induction and by definition of a
substitution. |

» Lemma 11 (Subject reduction). Let R be a QTRS, and let Foy s: T be a well-typed term
that is either terminating or classical. If s =, t, then oy t: T.

Proof. By induction on —g.
Suppose s = C[lo] and t = C[ro]. As s is classical, Lemma 53 states that it can be

typed by a classical typing derivation, which thus will coincide with each symbol of C.

Therefore, g3 lo : T'; as QTRS are left-linear, so is . By Lemma 55, there exist I, A
such that T;A by I : T/, and 0 € Subg(TUA). As Ris a QTRS, I;A Foy 7 : T'. By
Lemma 56, 93 7o : T'; and one can type ¢ by the same derivation as s, by replacing lo
by ro, as it has the same context and type, and it is a classical derivation, thus no need
to derive orthogonality.

Suppose that s = s’ and t =t/ with s’ —x t’. As = preserves typing, I'; A b s' : T by
induction hypothesis, I'; A bz t' : T'; and by equivalence again, T'; A gy ¢ : T
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n

Finally, suppose that s = Y. ;- s; €ECAN and t = Y " | a; - t;, with s; _>£?)% t; for all
i. As stated in Lemma 54, consider a typing derivation where all equivalence relations
are at the end, thus s = s’, where s’ is well-typed, with no equivalence relation inside
its derivation. If s’ is classical and s is a canonical form, then s = 1- s’ by quantity;
by induction hypothesis, this implies I'; A b ¢/ : T, and thus I'; A by ¢ : T by =, with
t =1-t. Now, suppose s’ is not classical, and thus s’ terminates. Lemma 54 implies the
following, with s’ = §”:

mi Mn

no__

s = E Qg - ( E 51‘1..% ‘pil...in)7
i1=1 in=1

where the p;; are classical terms. Developing all the sums yields a canonical form, up to
removing potential terms with a phase equivalent to 0; and this is exactly s, by unicity of
the canonical form (Lemma 47). By each (sup) rule, we also have T'; A by pi, . 4, : T,
and such term is equal to some s;. As s; —>;';,‘ t;, either s; = t;, and typing is direct, or
s; —m ti, in which case we can apply the induction hypothesis. One can thus replace
each p;, ,, with its (potential) reduced g;, . ;,; and as they are typed, and are reduction
of orthogonal terms, thus still orthogonal, we are able to type back each (sup) rule, thus
to type t/, and conclude. <

» Lemma 57. Lett = Z?Zl oy - t;. Suppose that t =5 v. Then, there exist s; such that
ti =5 s andv =" ;- s

Proof. By induction on the length k of the chain ¢t —J} v. Note that Y ;" | a; - s; is not a
canonical form, as s; may contain superpositions. The case k = 0 being direct, suppose
t —, t —>g v. As t reduces, Lemma 51 implies that ¢ # ag - ¢/, thus ¢ has a canonical
form, which can be built as in the proof of Lemma 48, i.e., discard any t; where [a;] =0 or
t; = ag-t}, and for the remaining terms, write them as canonical forms up to complementation
ti = 305, Bij - pj. Therefore, t = 377" | (371, ifij) - pj. By Lemma 52, reduction of ¢
implies that ¢’ = Z;.n:l(zzl:l @iBi;) - qj, with p; =% ¢, again up to discarding possibly
some ¢; where [>2; a;8;;] = 0. For each non-discarded ¢;, remark that t; = 37", Bi; - ¢;
satisfies either t; = ¢; if all p; € NFy, or ¢; = t;. In any case, t; =% ¢, is satisfied, and
up to readding the terms discarded at the beginning through s = ¢ + 0 - s/, we obtain
t'=>""  a; - t}, We can then conclude by applying the induction hypothesis on ¢', and thus
ti =& ti =& si, therefore t; =3, s;. <

» Lemma 13 (Canonical form). Let R be a QTRS, and let T; A by t: T be a well-typed term.
Then, t has a unique canonical form Y« ;- t; up to reordering and amplitude equivalence,
and ;A b, t; 2 T.

Proof. We prove that t # ag - t’ by induction on the typing rules of t. The fact that it
implies that ¢ has a unique canonical form is a consequence of Lemma 48. Typing of each ¢;
is obtained directly by induction on the typing of ¢, looking at the way the canonical form is
built in Lemma 48.
If ¢t = x, then we conclude directly as a; - x is a canonical form.
It t = s, then s # ag - s’ by induction hypothesis, and thus t # ag - t’ by quantity.
Suppose t = b(t1,...,t,). Looking at the proof of Lemma 48, t = ag - t’ would imply that
t; = ag - t; for some 4, which is impossible by induction hypothesis.
Finally, suppose t = > | a; - t;. By typing ¢; # ag - t}, thus we can take their canonical
form, and up to adding ag - s, we can write them as sharing the same classical terms:
t; = Z;n:l Bij - 85, where s; are classical terms and pairwise distinct, and thus ¢ =
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D ity - 8, where 5 = 370 ;. If t = 0 - ¢, this means that ; = 0 for all j. As
t; L t;, given any substitution o € Subg(I'UA), t;0 =% v;. By Lemma 57, there exist g;
such that v; = 2211 Bij - q;- Therefore, v £ Y7 | ;- v; = Z;"Zl v; - ¢; = 0-v. However,
expressing each v; in its canonical form, again by possibly complementing them, yields
v = 22:1 ik - Tk, and thus v = ag - v’ implies that for all k, > 1 a;d;, = 0. Again,
as t; L t;, v; L v;, and thus 22:1 dir0j1 = 0. Furthermore, by Definition 6, v; has a
canonical form, thus v; # ag - v;. Therefore, (%) are non-zeros orthogonal vectors. One
can thus invert the matrix G = (), and the equality > ; @;6; = 0 would imply
that all ; = 0, which is not true as it is of norm 1. Therefore, t # ag - t'. <

» Lemma 14 (Normal forms). Let R be a total QTRS. Then, NFy is exactly the set of
well-typed ground terms equivalent to values.

Proof. Prove the set equality by double inclusion, each time proving the contraposed result.

Let us first show that any term that reduces is not equivalent to a value. This is done
by induction on the reduction —x. If ¢ = CJlo], then t is classical. In particular, if ¢
is equivalent to a value v, by quantity, 1 = [0:(t)] = [0:(v)] = 0, as they are ground
terms, thus ¢ # v. If t = t1, with ¢; reducing, by induction hypothesis, ¢; is not equivalent
to a value, thus so is ¢, else ¢; would be. Finally, if ¢ = Y | «; - t; € CAN, reduction
imposes that some t; is not equivalent to a value. If ¢ is equivalent to a value, by quantity,
0 # [a;] = [0+, ()] = [0+, (v)] = 0, which concludes.

Now, prove that any term not equivalent to a value does reduce. To do so, we first prove
that any well-typed classical term ¢ that is not a value reduces through (C). By induction on
the typing of t = b(t1,...,t,). Either ¢; is not a value, and thus t; = Cllo], and it reduces
to C[ro] for | — r € Ryy. Taking C’ =b(t1,...,C,...,t,) shows reduction of t. Else, if all
t; are values, then b must be a function symbol, else t is a value. As fR is total, there exist
I = r € Ry and o such that £(¢y,...,t,) = lo, thus t reduces with C = ¢. Now consider
any general term t. As t is well-typed, then it possesses a canonical form Z?:1 «; - t; € CAN
by Lemma 13. Now, as ¢ is not equivalent to a value, at least one ¢; must be distinct from a
value; as it is classical, the above result tells us that ¢; reduces. Therefore, > 1" | a; - t; will
reduce through (Q), as one element of the sum reduces; we conclude by reducing ¢ through
(E). <

B.2 Proofs of Section 3.2

» Lemma 58. Given a term t, there is a procedure, which may not terminate, to generate
its typing derivation without any equivalence rule.

Proof. By induction on the syntax of ¢t. If t = x, return a typing derivation *;* Fn ¢ : *,
indicating that ¢ can be typed with any context or type. If ¢ is the term we want to type, then
it can be typed, by choosing any type. Suppose t = b(t1,...,t,). By induction hypothesis,
either some t; cannot be typed, in which case so does t. Now, suppose each t; can be
typed. By hypothesis, ¢; must be of type T;, with type(b) =Ty x --- x T,, = T, else it
cannot be typed. In the case where t; = x, choose the according type, where its contexts
containing a single variable, x. Therefore, I';; A; Foy ¢; : T;. One need to check that for any
variable appearing in one of the contexts, either it appears in a single linear-context, or in
multiple non-linear contexts, with the same type; if not, ¢ cannot be typed. This procedure is
decidable, as the contexts are finite. Finally, denote I' = U;I';; by weakening, I'; A; bz t; : T;
holds, and thus, I'; U; A; Fgy ¢ : T holds.

Finally, consider ¢ = " | a; - t;. Again, if one ¢; cannot be typed, then so does t. Else,
consider each typing derivation I';; A; oy ¢; : T;. If all T; are not identical or do not yield
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a quantum type, typing cannot be inferred. In the case where ¢; = x, either n = 1 and
then type it as a qubit; if n > 1, ¢; cannot be all variables, else orthogonality will not hold,
thus take the type from the other terms. Now, one need to check that the contexts can be
reconciled as previously. Furthermore, we need to check that the phases and orthogonality
conditions are verified between terms, which may be or not decidable. |

» Theorem 15 (Undecidability of type inference). Given a STRS R, deciding whether t can
be typed is 19-hard, and belongs to X9.

Proof. Define the free typing inference as the problem of whether a term ¢ can be typed with
a typing derivation without any equivalence rule. First, prove that free typing inference is
I19-complete. [58] showed that deciding whether a constructor TRS is strongly normalizing,
i.e., terminates on all inputs, is II9-complete. Suppose we have a STRS with one function
symbol £, and one wants to type t = ai - (£(z),]0)) + ai - (£(x),|1)). If t is typed, it must
be typed via the superposition rule, thus (£(x),[0)) Ls (£(x),|1)), which imposes that £
must terminate over any possible input, i.e., Ji is strongly normalizing. Therefore, if one can
decide Lg, thus typing, it can decide strongly normalization, thus free typing inference is
19-hard. To prove completeness, we must show that it belongs to I19. Taking the procedure
from Lemma 58, the only undecidable properties to check are verifying the conditions in the
superposition rule. Deciding orthogonality between two terms s,t is I19, as it can be seen as
follows:

n m

Vo,3k € N, so =5 Zai-v,; € CANAto —5 Z'Bj'wj € CAN/\Z Z[[ai]][[ﬁj]]*él(vi,wj) =0

i=1 j=1 i=1 j=1

The condition on the two summations is decidable, as we have restricted ourselves to terms
in C, where summation, product and zero equality are decidable. Furthermore, 6, (—, —) is
also decidable, as it can be checked inductively on the syntax of the term; therefore, it is
I19. The test for amplitudes condition is, by definition, and as we consider only algebraic
numbers, I1Y. The overall check is thus 1. As these undecidable checks are done a finite
amount of times, as t has a finite syntax, the overall free type inference is IT9.

Lemma 54 showed that any typing derivation can be written with an unique equivalence
relation at the end, and with an above typing derivation which, in particular, has no
equivalence relation. Therefore, type inference of ¢ implies that there exists s such that ¢t = s
and s is typable with no equivalence rule, thus it is £ by definition of the arithmetical
hierarchy. |

» Theorem 16 (Decidability of easy type inference). Let R be a terminating STRS, where A
contains only symbols of arity 0. There is a polynomial P such that easy type inference of t
is decidable in P(|t]), and implies that t is well-typed.

Proof. Looking back at the procedure from Lemma 58, one is able to ensure the following
points:
When one types t, the contexts we choose contain exactly the variables in ¢. Therefore,
the size of the contexts are bounded by the size of ¢, and any check on whether contexts
can be conciliated is done in P(]t|).
The check on amplitude symbols is done in polynomial time, as amplitudes are ground,
thus there is a unique substitution (the empty substitution) for which the check is done.
On algebraic numbers, this is computable, in a constant time; therefore, as the number
of amplitudes to sum is bounded by the size of the term, it can be checked linearly.
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Computing the orthogonal Kronecker product on classical terms is done linearly in the

syntax of the term.

Therefore, at each step of the induction, one does a finite number of recursive calls, and does
a finite number of checks, each in polynomial time (denote the total complexity @) Therefore,
there exist a polynomial P (depending on @) such that type inference is done in P([t]).

To show that ¢ is well-typed, we need to ensure that §,(s,t) = O implies s Lo ¢.
Suppose s = C[|0),s1,...,8,] and t = C]|1),ty,...,t,] without loss of generality, and
take any substitution o. As 9 is terminating, we obtain so —J, C[|0),v1,...,v,] and
to =5 C[|1),w1,...,wy,]; By linearity, develop each v;, and obtain the related canonical
form, denoted v, w. Note that as C is classical, the elements of their canonical forms are
of the shape v; = C[|0),v%, ..., v¢] (similar for w). One thus needs to compute their inner
product. However, for any v;, w;, they are still of the shape C[|0),...] and C[|1),...], thus
91 (vi,w;) = 0, yielding directly 0. Therefore, s,t are orthogonal. <

B.3 Proofs of Section 3.3

» Theorem 21 (Universality). Let (Cp)nen be a uniform family of circuits. Then, there
exists a QTRS R € QTRSCirc of main symbol £ such that, for any n € N and any n-qubit

state |¢), £(tn,tig)) =5 to,|g)-

Proof. By [60, Section 5.3.1], there exists a constructor TRS 9; of main symbol g such
that for any n € N, g(S,,) outputs the representation of C,,, as —x behaves standardly for
classical terms. As it is made only of classical rewrite rules, it can be seen and typed as a
QTRS. Furthermore, as it contains finitely many constant symbols, they can be represented
using a combination of lists and natural numbers, thus in Cg. As it treats only classical
data, two distinct rules do not share the same input structure, and thus function symbols
are structure preserving. By the same argument, all symbols quantum controls, taking 0
control qubits. Let U be the universal set of gates used in the representation. Any circuit
representation can be seen as a chain of wire swaps, applying a gate U € U, and another
set of wire swaps. Any n-qubit unitary can be encoded as a QTRS with 2™ rules with no
variables, and it will satisfy Definition 8 as it is an unitary; we can encode a swap between
the first two elements of a list easily; any general swap can then be built from this. All
these function encode an unitary by definition, and are structure preserving. This allows
us to build a QTRS My with main symbol h, where h(C,t4)) =% to, |y for C a circuit
representation of Cy,. As h can be built with a unique rule h(z) — r, with r a composition
of multiple gates, it satisfies the properties of QTRSCirc. We then conclude by taking the
QTRS R, where all the symbols and variables are joined, up to renaming, i.e. A= A4H A4,
similarly for the other sets; and with one added function symbol f, with one rewrite rule
£(Sp,x) — h(g(Sn), x), which is the main symbol of . <

» Theorem 25. Tuke R € QTRS(7) of main symbol £. Then, for any v € In(£), |Cssruce(w)| =
O(7 (o)) O+ where Castruct(w) € C(R) is the compiled circuit of corresponding structure.

Proof. Let w € 8(f); denote N = |Ry| + 1 and k = |w|. We first produce inductively
a circuit C?, by induction on the syntax of ¢, and C®, for b € C 4/ F; where the obtained
circuit, for terms and function symbols, is of size bounded by (|Rep|T(Jw|))' ®) = K, for
C% and C!, where g is the function symbol in ¢ of maximum rank; the size of the C¢, will
be constant. From that, we approximate each gate, using the chosen universal set of gates,
up to a precision 1 — €, such that the overall circuit has a precision % This approximation,
done on each gate, can be done using Solovay-Kitaev theorem [42], which is known to

29



30

Quantum Term Rewrite Systems: Applications to Complexity Analysis

approximate the original gate to a precision 1 — € in time O(log®(1/€)), for a constant c.
2

Choosing € = 3% satisfies the overall precision [53], and thus, our approximated circuit is of
size O(K log®(3%)) = O(T (k)r™®)+1),

We may label the wires when they correspond to variables, to be able to merge circuits
easily. Note that, at any step of the induction, the structure of any variable is known, as we
know the starting structure, and FV(I) D FV(r) for any rewrite rule. At each step, we may
also do simplification steps, such as removing a gate controlled on a wire that is |0). This
removes any ill-path that would not terminate, or not in the correct number of steps.

Start the induction with the symbol f. As each step of induction corresponds to one
reduction, and the QTRS terminates (this is a consequence of the structure preserving
property), the induction will terminate.

Suppose the induction step considers a classical term ¢. If ¢ = x, it yields the circuit
with one wire, labelled with x. If ¢ = b(ty,...,t,), then inductively compute the circuit
for each t;, stack them vertically (in parallel), and merge their outputs with the inputs
of the circuit generated by b. As the structure of each t; is known, the structure of the
inputs of b is also known, thus the number of input wires will be coherent with the total
number of wires of the ¢;, and thus wires can be merged. The number of rewrite steps
satisfies T(k) = Y., T; + 1", where T} is the number of rewrite steps of ¢;, and 7" of b.
By induction, it thus satisfies |C%| = Y1 | [C4| +|CB| < Y0 (T;N)™©) 4+ (T;N)™*e) <
(N)SSI T+ T')® = (T(|k|)N)™®), where g is the function symbol with the maximum
rank between b, and the function symbol of maximum rank in .

Let us now construct the circuits for symbols b € C |§ F. Suppose that b is a constructor,
and enumerate all possible cases: 0,8, ] yield no circuit nor wire; |¢) initializes an ancillary
qubit; for (h,t) and h :: ¢, concatenate vertically both the wires of h and of ¢; this is just
wire concatenation, so no gate and thus of size 0.

Finally, consider the case where b is a function symbol g. If g-rewrite rules map to
values, it can be implemented directly by an isometry, thus an unitary gate; remark
that as we know the classical structure, any variable in an amplitude is fully known,
and thus the amplitude can be interpreted as a scalar. Else, suppose that g quantum
controls. Consider the g-structural set of rewrite rules with the structure corresponding
to the one fixed, and denote it Rz = {l; — r; € R}. As it quantum controls, all of
these rewrite rules only differ on their qubit constructors. Therefore, there exist contexts
C,C" € @ such that I; = C[|ji,---,|dim))] and v, = C'[|7i1) ;- -, |Fim) s ti1s - -, ta]. One
can thus view each r; as r; = h(|ji1), .., |Jim), ti1,- - -, tir), with h being a function symbol
with one rule h(zy,...,Zm,q1,---,q) = C'[T1,...,Zm,q1,-..,q], which corresponds to the
computation. Therefore, for each r;, compile each t;; to a circuit inductively, controlled by
the |7i1), .., |jim), except for any possible sub symbol g; as there is no symbol equivalent to
g other than itself, ¢;;,, apart from g, will be of rank rk(g) — 1; furthermore, ¢;; terminates
in T; steps, and 22:1 Tir < T(k). As this process is done for each i, thus at most N — 1
times, this yields a total circuit of size (N — 1)(22:1(TikN)rk(g)_1) < (N =1)(T(k)N)k@-1,
Then, following the merging process from [36, Theorem 9], as all calls to g are done on
an identical input, one is able to rewrite all calls to g as a single call; then, one compiles
g inductively. This induction step can be done at most T'(k) times, as we have done one
rewrite step; therefore, the size of the circuit is bounded by w, which can be
bounded by (T'(k)N)™® — 1, as rk(g) > 1. After all the controlled statements of each r;, we
compile the circuit corresponding to h, corresponding to one gate, thus yielding the expected
bound. Note that as g preserves the structure, each t¢;; yields the same number of wires.
Furthermore, as g quantum controls, each left-handside contains the same variables, thus
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each r; has the same variables. To connect each circuit of r;, one just has to connect the
control wires together, the variable wires together, and finally to possibly merge the added
ancillary qubit wires, up to adding NOT gates to flip them to |0) or |1). Finally, with h,
merge the control wires together, and merge each wire from ¢;; with the wire labelled by
k- <

» Theorem 22 (Circuit compilation). Let $& € QTRSCirc be a terminating QTRS of main
symbol £. Then, we can generate a family of circuits C(R) £ (Cuy)wes(r) s-t., for any input
v € In(f), if £(V) =5 v’ then Cysiruce(w) approvimates v’ with probability % on input T.

Proof. The same compilation process can be done as in the proof of Theorem 25; as R
terminates, it does in Time(7) for some 7; and SRec only plays a role in the size of the
circuit. <

» Theorem 27 (FBQP characterization). {QTRS(Poly)} = FBQP.

Proof. Let us first show soundness, i.e., let /& € QTRS(Poly), and show that any binary
function computed by C(2R) belongs to FBQP, i.e., C(R) is an uniform polynomially-sized
family of circuits. As R € QTRS(Poly), there is a polynomial @) such that R terminates in
time Q). Therefore, by Theorem 25, the circuit is of size O(P(Q(n))), thus of polynomial
size in n. Note that we have indexed the circuits by n rather than w, but |w| = n. The
fact that this family is uniform is obtained by building the circuit as done in the proof of
Theorem 25: one can build a Turing machine, taking as input the size n (thus the shape),
and suppose that it contains initially the encoding of 9, thus without the input, onto a tape
of the QTM. As the circuit is build inductively on the syntax, and it differs only by the input
structure, this creation is uniform, and is done in polynomial time, as the generated circuit
is of polynomial size.

We now prove completeness, i.e., for any function f in FBQP, there exist 5t € QTRS(Poly)
such that C(R) computes f. We prove this result by using Yamakami’s algebra [63]. This

paper defines a function algebra, and then proves that it completely characterizes FBQP.

Formally, it defines the function class DlQP, which is the smallest class of functions including
the gates below, for € [0,27) N C where C denotes the complex numbers whose real and
imaginary parts can both be approximated by a polynomial-time Turing machine,

(16)) = [#)
PHASEy(|¢)) £ [0)0[¢) + ¢”|1)(1]¢)
ROTy(|¢)) = cos8|¢) +sin6(]1)(0]¢) — |0)(1]¢))
NOT(|g)) = [1)(0]¢) + [0)(1]¢)
) if i(l¢)) <1
> apefo,11 lab)Xbalg) otherwise

(1>

1

)
)
)
)

SWAP(|¢)) £ {

and is closed under the following schemes:

Compolg, h](|¢)) = g o h(|))
Branchlg, h] = {|¢> ifi(|¢)) <1
|0) ® g({0]#)) + |1) ® h({1]|p)) otherwise
9(1¢)) if1(|p) <t

kQReci[g, h, p|F](|¢)) = {h(zwe{o,l}" lw) @ fo((w]p(]¢))))) otherwise
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Here, |¢) is a quantum state, i.e., belongs to the Hilbert space C?" for a given n written
in Dirac notation. Its size I(|@)) is n. Given w € {0,1}" with n < [(]¢)), we may write
6) = 37, v |wiz;), where w; € {0,1}" and 2 € {0,1}9)7": we then abuse the notation
by writing (w|g) = >_; o (wlws) |z:).

This class is proven to be FBQP complete, thus any function of FBQP can be written as
a function D?P. We therefore associate any function D?P with a given QTRS, D?P, and
prove inductively that they belong in QTRS(Poly). By abuse of notation, we only write the
corresponding set of rules of the QTRS below; these QTRS can be merged altogether, up to
renaming. We also denote f,, as the main function symbol of the QTRS f.

One can remark that for any function f € D?P, and any input w € {0,1}", f|w) = v,
and the main symbol of f, f,,, satisfies £([w]) —% v, thus they compute the same function
(here [w] is the notation from Theorem 21). As f is approximated by the family of circuits
C(f) by Theorem 25, then f is also approximated by this family, with precision %, thus giving
us the wanted result. The following phases are used: [as] = €, [ag] = cosf, [a3] = sin¥,

[sgn] = —1.

Rotg = < g(|0) ::t) — a§-|0) =t +af-|1) ¢
g(|1) ::t) > aj-sgn-[0) = t+ag-|1) ¢
[
[

All terms belong in QTRSCirc by construction, and as functions have no recursive construct,
they terminate in a fixed time, independently of the input, and thus they belong in QTRS(Poly).
The definition of this function in [63] comes with f,, € Fj, where Fy, is a set of functions
{fs}se{o,1 ye, where each f; is either I or kQRec; [g, h, p|Fi] itself. Therefore, interpreting
fs as either I or rec, one is able to build the corresponding QTRS of main symbol rec.

£([]) =[]
f(hl hy H) — hy hy []

kQReCt[ga hap|-/rk] £
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Note that h; are variables, while s; are qubit constructors, thus £ has 2* + 2 rules. By
definition, this QTRS belongs to QTRSCirc, as the only structural set of rewrite rules with
more than one rule is for the 2F rules of £ with different s1, ..., s; which satisfy the definition;
all other satisfy the definition of quantum controls with C’ = ¢, As recursive calls are done by
f, on a similar input, then it also belongs to SRec. Furthermore, terminating in polynomial
time is guaranteed, as:

By induction, each g, h, p computes in polynomial time;

Either f; is the identity, thus stops here, or is a recursive call on an input of size that

decreases by k;

Therefore, the compute time is roughly, for an input of size n, ¥ max(P,(n), P,(p), Pp(n)),

where Py, Pp,, P, is the compute time of respectively g, h,p, which is polynomial, by

induction hypothesis. The obtain time is thus polynomial in 7. <

C Proofs of Section 4

» Lemma 28. Let R be a STRS, and let t =" | a; - t; be a well-typed term. If t starts an
infinite chain on the order induced by — o, then so does t; for some 1 <1i < n.

Proof. Suppose t —9; t1 —9t .... By Lemma 52, it implies that ¢t = Z;’;l Bj - s; € CAN,
t = 27:1 Bj - s, and s; o 5. Now, if t = S, - t;, one can rewrite ¢ as its canonical

form, i.e., remove amplitudes equivalent to 0, view t; = 27:1 vij - sj and B = > a; i

One can rewrite 1 as t; = > ;" a; - (3071, 7ij - 87); denoting ¢} = 377", v;j - s, one thus
has ¢; _>?m t; (as we have removed t; where t; = ag - t}, thus they have a canonical form and
may reduce). Therefore, for each reduction of the infinite chain, each ¢; reduces via —5. We
conclude as the reduction rule imposes that one s; actually reduces via — and not _>£?R’
thus at least ¢; truly reduces at each step; as there is a finite number of ¢;, one must reduce
infinitely. <

» Lemma 30. Given a quasi-order =, the following properties are satisfied, for any
s=) ;s €CAN and t =377 B - t; € CAN:

St <= Vj,di,s; = tj,‘

If s,t are classical, s =, t <= s = t;

=w 1S a quasi-order.

If = is a rewrite order, then =, is a rewrite order too.

Proof. For the characterization of =, the if condition can be shown by deriving =, using
all three rules from Definition 29 in the reverse order from the presentation; for the only if
condition, it can be proven by induction hypothesis on the derivation of >=,,, by noting that any

premise of any rule contains at least one classical term, which simplifies the characterization.

All the other points can be seen as direct consequences of this characterization; for the last
point, one can remark that so = Z?:l «; - so; € CAN as s; are classical terms and o maps to
classical terms, and then conclude. <

» Theorem 31. Let = be a quasi-order, where its induced strict order is a well-founded
rewrite order. Then, any STRS compatible with the worst path extension =, terminates.

Proof. Suppose there exists an infinite chain starting from ;. By Lemma 28, writing its
canonical form E:L:l «; - 8; € CAN, there exists one s; that starts an infinite chain, thus
S =w Si- As it is classical, then s; = Clol], and let us denote t2 = C[or]. As R is compatible
with >, [ =, r; and as > is a rewrite order, »,, is a rewrite order from Lemma 30, thus
Si =w t2. We therefore have an infinite chain t; =, s; >4 t2.... By transitivity, this yields
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a chain of classical terms p; > p2 ..., which, by Lemma 30, implies that we have an infinite
chain in >, which contradicts well-foundedness. <

» Lemma 59. Let (—) be a monotonic assignment. Let = be the restriction of =) to
classical terms. Then, FwCF(—), and > is a well-founded rewrite order.

Proof. Given s =)' | a;-s; € CAN and t = 77", 3 - t; € CAN:

Vi, 3, s; ) ti = V4, 31, (s5) =~ qtjD
= 1??5anle =N lrSI;z;LSXmQtjD = (s) =n(t) = s=)t
As this is a characterization of a worst path ordering by Lemma 30, 3=, is thus encoded
inside 3=(_). For any context C' and any term s, ¢ satisfying s »=(_) ¢:

(Clslh = (CD(s)] =n (O[N] = (CTH) = Cls] =) C[H]

where the first and last equality come from the definition of the assignment, and for the
inequality, either C is empty in which case it is trivial, either it is made of multiple symbols,
and we can use monotonicity of (—|). Given s,t two terms and a substitution o, s =(_) ¢
implies that (s) >N (), thus for any evaluation of the polynomials; and (so] can be seen as
(s) where variables are evaluated correspondingly to o. Finally, any infinite chain t1 >, to ...
yields an infinite chain in >y (as all variables of ¢; are included in those of ¢1, thus we can
choose a unique set of substitutions for all rules), which is impossible. <

» Theorem 32. Any STRS compatible with a monotonic assignment terminates.

Proof. Direct by Lemma 59 and Theorem 31. While =) is not directly a worse path
extension, it satisfies the induction hypothesis, thus the proof can be adapted to this specific
case. |

» Theorem 36. A STRS R is terminating if no infinite R-chain exists.

Proof. The proof is similar to the one from [2]. Let ¢ be a chain starting an infinite reduction.
By Lemma 28, there exists p <cpy ¢ which also starts an infinite reduction. By a minimality
argument, p possesses a subterm f; (17{), starting an infinite reduction, and where the
sequence u; terminates to values z7. Again by Lemma 28, there exists 1 <ean z_f, such that
f1(v1) starts an infinite reduction (as f1(z{) can be developed by linearity). Now, we have
fl(ﬁ) — 71 € R, and a substitution o1, such that fl(ﬁ)al = fl(v_>1), thus fl(v_f) —x T1071,
and ryo; starts an infinite reduction, and again, there is some classical term y; <cpy 71 that
starts an infinite reduction; as o1 maps to classical values, we also have y101 <cay 7101. As
o1 maps variables to values, and y;07 starts an infinite reduction, there is a subterm, thus
C] fg(@)} = y; for some context C, such that fg(u_g)al starts an infinite reduction, and uhoy
terminate. Therefore, let (Fy(w]), Fo(w3)) be a valid dependency pair. We can repeat this
process, as fo (175) starts an infinite reduction chain, thus obtaining an infinite sequence

(FL(@1), By (b)), (Fa(wh), F3(uh)), ...

Finally, we need to prove that this is an 9-chain. By construction, ujo; 1 —% z;, with
w}0; e z,- One can assume, without loss of generality, that each rule is used with distinct
variables, therefore we can take 0 = o1 003 0. .., i.e., the disjoint union of all substitutions
;. Therefore, Fj(u})o —p r with Fj(w])o <dea 7, thus this is an %-chain. <
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» Theorem 37. A STRS R is terminating if there exists a well-founded weakly monotonic
quasi-ordering = on classical terms, where > and = are closed under substitution, such that:
U= r; for all rules | — Y"1 o - r; € Ry and for all i, with Y ., o; - r; € CAN;
s =t for all dependency pairs (s,t).

Proof. Suppose there is an infinite SR-chain (s1,1), (s2,%2),.... Therefore, we have a
substitution such that tjo —% r; and sj;10 <dcay 75 for all . We will construct an
infinite chain, using the worst path ordering generated from . In particular, as [ > r; for
[ — Zi:l ;- T; € CAN € R, we have [ =, r for all rules. As %= is weakly monotonic and
closed under substitutions, so is =,, by Lemma 30, and ¢t = s implies ¢ =, s. Therefore,
tj0 =w Tj0 =w Sj+10, with the last inequality coming from the definition of a worst path
ordering. Therefore, we can build the following chain:

810 > 110 = S20 = o0 ..

thus, a chain sj0 =, ss0... between classical terms, thus an infinite chain in >, which
contradicts well-foundedness. We then conclude by Theorem 36. |

» Lemma 38. Let R be a STRS, and let t = 2?21 «a; - t; € Tg. Assume each t; terminates
in at most k; steps. Then t terminates in at most maxi<i<n k; steps.

Proof. This is proven by induction on the maximum number of reduction steps of the ¢;,
denoted k. If k = 0, they are all values, and we conclude. Suppose k > 0, thus one ¢; is not
a value. For each t; such that ¢; = - s with [8] = 0, or where [o;] = 0, we can remove it
via =, thus t = Eizl ay - tg. By writing each canonical form, up to completion (meaning we
may add ag - t' to the canonical forms so that they are defined on the same set of terms s;),
as ty = D00 B,y - 54, 5 —re 8 or 55 = 8} is a value, and 22:1 ok - Brj =4

m

m n
EZ sj = Zvj 8 —m Z’y] EZ ;EZak~t;€,

Jv; 70 7,75 #0 j=1

as the s; are pairwise distinct, this is a canonical form. If the obtained form is a value,
then we can stop here, and the result will be correct; even if ¢; is not a value, the non-value
parts will still be canceled via = at the end, as the reduction is deterministic. Else, by =,
and we can replace ag - 55 by ag - s . Furthermore, we can add back the removed terms from
the beginning, adding back ¢/ 1nstead of t;, to get that Zk:l ag -t = Z?zl a; - t;. Thus,
by =, t rewrites in one step to Z?Zl a; - t}; and all ¢} terminate in one less step, thus we
conclude by induction hypothesis. |

» Lemma 39. Let R be a QTRS compatible with an assignment (—). Then, given any term
t, it terminates in at most (t) steps.

Proof. Let us prove by induction on (), which is a natural number, that there is no ¢ such
that ¢ terminates in at least (#) + 1 steps; this implies the wanted result. Suppose (t) = 0,
thus ¢ reduces at least once. If ¢ is classical, then ¢ —g; s, and by definition of the reduction
rule (C), () > (s); as (s) < 0 and belongs to N, this is not possible. If t = >""" | ;- t; € CAN,
at least one t; must reduce, else Lemma 38 would imply that ¢ terminates in 0 steps; thus
t; reduces, and (t;) < (t), thus we can conclude as above. Now, suppose that the result is
proven for any ¢’ where (t') < k, and take ¢ where (t) = k+ 1. If ¢ is classical, then, as before,
there exists s such that ¢ —n s, thus (s) < (), and s terminates in at least (t) > (s) + 1
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steps, which by induction hypothesis cannot happen. If ¢ is non-classical, proceed as previous,
by picking one t; from the canonical form that reduces in at least (t) + 1 > (¢;) + 1 steps,
which must exist by Lemma 38. |

» Lemma 60. Let R be a QTRS, and let (—|) be an assignment. Then, there exists k € N,
such that for any classical value v, (V) < k X |v].

Proof. By induction on the syntax of v; take k = 1 + max.cc . |

» Theorem 41. Let R be a QTRS compatible with an additive assignment and let £ € F.
Then, there is a polynomial P such that for any v € In(£), £(v) terminates in time P(|v]).

Proof. By Lemma 39, f(vy,...,v,) terminates in at most (f(v1,...,v,)) steps. It satisfies:

(f(v1,...,00)) = qu(qUID7 s (n)) < qu(k‘vllw : 'vk|vn|) = P(|U1‘v‘ ) |Un‘)7

where the second inequality comes from Lemma 60 and monotonicity of (—|), and the last
inequality as (f]) is a polynomial @, and write P as the polynomial which replaces each
indeterminate X by kX, which is also a polynomial. |
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